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In the last few years, several approaches have been developed to compute the exact Casimir
interaction energy between two nonplanar objects, all lead to the same functional form, which is
called the TGTG formula. In this paper, we explore the TGTG formula from the perspective of
mode summation approach. Both scalar fields and electromagnetic fields are considered. In this
approach, one has to first solve the equation of motion to find a wave basis for each object. The
two T ’s in the TGTG formula are T-matrices representing the Lippmann-Schwinger T-operators,
one for each of the objects. Each T-matrix can be found by matching the boundary conditions
imposed on the object, and it is independent of the other object. However, it depends on whether
the object is interacting with an object outside it, or an object inside it. The two G’s in the TGTG
formula are the translation matrices, relating the wave basis of an object to the wave basis of the
other object. These translation matrices only depend on the wave basis chosen for each object,
and they are independent of the boundary conditions on the objects. After discussing the general
theory, we apply the prescription to derive the explicit formulas for the Casimir energies for the
sphere-sphere, sphere-plane, cylinder-cylinder and cylinder-plane interactions. First the T-matrices
for a plane, a sphere and a cylinder are derived for the following cases: the object is imposed with
Dirichlet, Neumann or general Robin boundary conditions; the object is semi-transparent; and the
object is a magnetodielectric object immersed in a magnetodielectric media. Then the operator
approach developed by Wittman [IEEE Trans. Antennas Propag. 36, 1078 (1988)] is used to derive
the translation matrices. From these, the explicit TGTG formula for each of the scenarios can be
written down. On the one hand, we have summarized all the TGTG formulas that have been derived
so far for the sphere-sphere, cylinder-cylinder, sphere-plane and cylinder-plane configurations. On
the other hand, we provide the TGTG formulas for some scenarios that have not been considered
before.
PACS numbers: 12.20.-m, 12.20.Ds, 03.70.+k, 11.10.-z
Keywords: Casimir interaction, mode summation approach, Robin boundary conditions, semitransparent,
magnetodielectric.
I. INTRODUCTION
Casimir effect is a purely quantum effect that arises from the vacuum fluctuations of a quantum field in the presence
of boundaries [1]. It has attracted a lot of attention due to its wide applications in different areas of physics such
as quantum field theory, condensed matter physics, atomic and molecular physics, astrophysics, gravitation and
cosmology, nanoscience and mathematical physics [2]. A number of books and reviews have been written on this
subject [3–13].
Naively, the Casimir energy is a sum of the ground state energies of all the eigenmodes of the quantum field.
Various approaches have been developed to compute the exact Casimir energy analytically, such as mode summation
method, path integral approach, Green’s function method, quantum statistical approach and scattering approach.
Nevertheless, before the turn of the century, the exact computations were limited to some simple configurations, such
as two parallel plates, a sphere, a cylinder, two concentric spheres, a wedge and a cone. A particularly large amount
of works were devoted to two parallel plates.
Since the work of Lamoreaux [14] in 1997, Casimir force have been measured with high precision in various configu-
rations especially the sphere-plane configuration [10, 13]. This has called for precise computation of the Casimir force
between a sphere and a plate in particular, and between any two objects in general. Several approximation schemes
have been developed for this purpose, such as the semiclassical approach [15–17], the optical path approximation
[18–20] and the multiple reflection approximation [21]. However, each of these numerical methods have its limitations.
Therefore, it is compelling to have an exact formula for the Casimir interaction between two objects, so that one can
justify the accuracies of the numerical approximations and the experimental data.
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2In [22–26], Gies et al. derived a worldline representation of the Casimir interaction between two objects imposed
with Dirichlet boundary conditions. They used the Monte-Carlo technique to develop a numerical scheme to compute
the Casimir interactions of various configurations from the worldline representations. This is basically a geometrical
approach, and its application has so far been limited to scalar field with Dirichlet boundary conditions.
Another series of breaktrough appeared in 2006. In [27], Bulgac et al. computed the Casimir interaction energy
between Dirichlet spheres or between a Dirichlet sphere and a Dirichlet plate using the multiple scattering approach,
whose application in Casimir effect can be dated back to the work of Balian and Duplantier [28, 29]. In this approach,
the Casimir energy is expressed as an integral over the density of states of the fluctuating field, and the Krein’s formula
is used to relate the density of states to the scattering matrix of the objects. A novel feature about this method is
that it is free of ultraviolet divergences.
In [30], Emig et al. used path integral quantization with partial wave expansion to compute the Casimir interaction
energy between a cylinder and a plane when both are imposed with Dirichlet, Neumann or perfectly conducting
boundary conditions. This was elaborated and extended to two cylinders in [31]. Their approach can also be put in
the framework of multiple scattering theory, as is more obvious in the works [32–36]. In [32], a general scheme that uses
multipole expansions and multiple scattering theory to compute the Casimir interaction energy between two dielectric
objects was proposed. This scheme was applied to obtain the Casimir interaction energy between two dielectric spheres.
It was further illustrated in [33] for scalar interactions and in [36] for electromagnetic interactions. The Casimir
interaction energies between two spheres imposed with Robin boundary conditions, between two perfectly conducting
cylinders, between a magnetodielectric sphere and a magnetodielectric half-space, and between a magnetodielectric
cylinder and a magnetodielectric half-space were derived.
Back in 2006, Bordag [37] has also used the path integral and Green’s function method to find the Casimir interaction
energy in the cylinder-plane and sphere-plane configuration for a scalar field with Dirichlet or Neumann boundary
conditions. Later he also obtained the Casimir interaction energy between a semitransparent cylinder and a plane
[38]. The path integral formalism used in these works can be dated back to the works [39, 40].
At the same time, Dalvit et al. [41, 42] used an entirely different approach – the mode summation method, to
compute the Casimir interaction energy of two eccentric cylinders with Dirichlet, Neumann or perfectly conducting
boundary conditions. Later in [43], the case where the cylinders are separated by a dielectric medium was considered.
In [44, 45], Kenneth and Klich explored the multiple scattering approach from the point of view of the Lippmann-
Schwinger T-operator. In [44], they have obtained a general formula for the Casimir interaction energy prior to [32]
and showed that the Casimir interaction force between two objects related by reflection is always attractive. In [45],
they used their formalism to derive the Casimir interaction energy between two dielectric spheres.
In [46, 47], Milton and Wagner used the multiple scattering approach to compute the exact Casimir interaction
between two semitransparent spheres and two semitransparent cylinders, and obtained their weak coupling limits.
Despite the different perspectives, all the methods, except for the mode summation approach of Dalvit et al., are
fundamentally equivalent. In all cases, the formula for the Casimir interaction energy can be cast in the form
ECas =
~
2π
∫ ∞
0
dξTr ln (I− T1G12T2G21) ,
which is referred to as the TGTG formula. Different approaches lead to different methods for computing the T1,T2
and G12,G21 matrices. In multiple scattering theory, T1 (T2) is the transition matrix or Lippmann-Schwinger T-
operator of object 1 (object 2), which is related to and can be computed from the scattering matrix of the object. G12
(G21) is the translation matrix that relates the wave basis centered at object 1 (object 2) to the wave basis centered
at object 2 (object 1).
As discussed above, the exact Casimir interaction energy between two objects have been mostly computed by the
multiple scattering approach. Since mode summation have been proved to be a very powerful method for computing
the Casimir energy of a cylinder, a sphere, two concentric cylinders or two concentric spheres, it is timely to extend
the mode summation approach to Casimir interactions between two or multiple objects. This is the task undertaken
in this paper, with the hope that one can get some new insight about how to compute the T and G matrices.
In the first part of this paper, we explain how the mode summation approach can be used to derive the TGTG
formula for the Casimir interaction energy between two objects, for scalar fields as well as electromagnetic fields. We
consider both the case where the two objects are outside each other, and the case where one object is inside the other.
We also discuss in Appendix A how this approach can be generalized to more than two objects. Along the way, we
obtain prescription for computing the T and G matrices.
In the second part of this paper, we illustrate the mode summation approach by considering the Casimir interactions
between two spheres, two cylinders, a sphere and a plane, and a cylinder and a plane. First we compute the T-matrices
for a plane, a sphere and a cylinder. Three cases are considered: the object is imposed with Dirichlet, Neumann or
Robin boundary conditions; the object is semitransparent; and the object is magnetodielectric. As a matter of fact,
scattering theory has been extensively used in classical and quantum field theories. Therefore, some of the T-matrices
3(up to some constants) have been well-known and it is quite impossible for us to provide complete references here.
We apologize for not citing any earlier works.
The more technical part is the translation matrices. For two spheres or two cylinders, the translation matrices have
been rather well-known for both scalar and electromagnetic interactions. For the sphere-plane and cylinder-plane
configurations, the translation matrices for electromagnetic (but not scalar) interactions have been written down in
[36] implicitly without explicit derivation, as the multiplication of a change of basis matrix and a translation matrix
for plane waves. To give a unified treatment, we generalize the operator approach in [48] to find the translation
matrices for the scalar and electromagnetic Casimir interactions of cylinder-cylinder, sphere-plane and cylinder-plane
configurations. From these, we can write down explicitly the TGTG formulas for the scalar and electromagnetic
interactions of each of these configuration. We obtain some new results that have not been considered before,
such as the Casimir interaction energy between a semitransparent object and an object imposed with Dirichlet,
Neumann or Robin boundary conditions; between a semitransparent sphere and a semitransparent plate; and between
a semitransparent cylinder and a semitransparent plate.
The layout of this paper is as follows. In Section II, we present the general theory of mode summation approach
for the derivation of the Casimir interaction energy between any two objects, when both are outside each other,
and when one is inside the other. The electromagnetic case is discussed in detail. In Sections III, IV and V, we
compute the T-matrices for a plane, a sphere and a cylinder, under various boundary conditions. In Section VI,
we compute the translation matrices for the sphere-sphere configuration and obtain explicit formulas for the scalar
and electromagnetic sphere-sphere interactions. In Sections VII, VIII, IX, we do the same for the sphere-plane,
cylinder-cylinder, and cylinder-plane configurations.
II. GENERAL THEORY
In this section, we interpret the TGTG formula for the Casimir interaction between two objects from the point of
view of mode summation approach. We consider both the scalar fields and the electromagnetic fields.
For scalar fields, the equation of motion is(
1
c2
∂2
∂t2
−∇2 + m
2c2
~2
+ V (x)
)
ϕ = 0. (1)
We consider two types of boundary conditions.
In the first case, the potential function V (x) is zero and the field ϕ satisfies the boundary condition
uϕ+ v
∂ϕ
∂n
∣∣∣∣∣
S
= 0 (2)
on the boundary surface S of the object. Here n is a unit vector normal to the boundary S and pointing away from
the object. When v = 0, we can take u = 1, and this is the Dirichlet boundary condition. When u = 0, we can take
v = 1, and this is the Neumann boundary condition. In general, if u and v are both nonzero, we can take v = 1, and
this is the general Robin boundary condition with parameter u.
In the second scenario, V (x) = λδ(x) is a Dirac delta potential function with support on the boundary of the
object. We say that the boundary is semitransparent. Integrating the equation (1) across the boundary of the object,
we find that the scalar field satisfies the boundary conditions
ϕ
∣∣∣
S+
− ϕ
∣∣∣
S−
= 0
∂ϕ
∂n
∣∣∣∣
S+
− ∂ϕ
∂n
∣∣∣∣∣
S−
= λϕ.
(3)
Here S+ and S− denote respectively the outside and inside of the boundary surface S.
Let
ϕ(x, t) =
∫ ∞
−∞
dωϕ(x, ω)e−iωt.
We find that ϕ(x, k) satisfies the equation
∇2ϕ(x, k) = −k2ϕ(x, k), (4)
4where the wave number k and the frequency ω satisfy the dispersion relation
k =
√
ω2
c2
− m
2c2
~2
. (5)
Fixing a coordinate system, we can express the solutions of the equation (4) as a linear combination of the regular
wave ϕregα which is regular at the origin of the coordinate system, and the outgoing wave ϕ
out
α which decreases to zero
rapidly as x→∞ and k is replaced by ik. Here α labels the solutions.
For electromagnetic fields, the Maxwell’s equations read as
∇ ·D = ρf , ∇×E+ ∂B
∂t
= 0,
∇ ·B = 0, ∇×H− ∂D
∂t
= Jf .
For a magnetodielectric object, the charge density ρf and the free current density Jf on the object are zero, and we
assume the linear relations
D(x, ω) =ε(ω)E(x, ω),
H(x, ω) =
1
µ(ω)
B(x, ω),
(6)
where ε and µ are respectively the electric permittivity and magnetic permeability of the object. Here for Z =
D,E,H,B,
Z(x, t) =
∫ ∞
−∞
dωZ(x, ω)e−iωt.
The boundary conditions are the continuities of εEn,E‖,Bn,
1
µ
B‖ across the boundary of the object. These conditions
are not independent. The continuity of E‖ implies the continuity of Bn, and the continuity of
1
µ
B‖ implies the
continuity of εEn.
As usual one can introduce a vector potential A that satisfies the gauge condition ∇ ·A = 0. In terms of A,
E = −∂A
∂t
, B = ∇×A.
Then the Maxwell’s equations are equivalent to the wave equation
∇×∇×A+ ǫµ∂
2
A
∂t2
= 0. (7)
Let
A(x, t) =
∫ ∞
−∞
dωA(x, ω)e−iωt.
The wave equation can be written as an eigenvalue problem,
∇×∇×A(x, k) = k2A(x, k), (8)
where the wave number k and the frequency ω satisfy the dispersion relation
k =
√
εµω.
The solutions of the equation (8) can be written in different bases. In the cases of rectangular, cylindrical and
spherical bases, we can choose a distinct direction and divide the solutions into transverse electric (TE) waves ATEα
and transverse magnetic (TM) waves ATMα parametrized by some parameter α and satisfy
1
k
∇×ATEα = ATMα ,
1
k
∇×ATMα = ATEα . (9)
5Moreover, the waves can be divided into regular wavesATE,regα , A
TM,reg
α that are regular at the origin of the coordinate
system and outgoing waves ATE,outα , A
TM,out
α that decrease to zero rapidly when x→∞ and k is replaced by ik.
Consider two objects O1 and O2. Choose appropriate coordinate systems with coordinate origins at O and O
′
respectively for each of the objects. Let x and x′ be respectively the position vectors of a point with respect to O
and O′. If L is the position vector of O′ with respect to O, then x = x′ + L. In the following, we derive the TGTG
formula of the Casimir interaction energy between these two objects using mode summation approach. We consider
separately the case where the two objects are outside each other and the case where one object is inside the other.
We will focus on discussing the case of electromagnetic fields. The case of scalar fields is easier and can be obtained
in the same way.
A. Two objects are outside each other
Inside the object O1, we express A in the coordinate system centered at O:
A =
∫ ∞
−∞
dω
∑
α
(
Aα1A
TE,reg
α (x, ω) + C
α
1 A
TM,reg
α (x, ω)
)
e−iωt. (10)
Inside the object O2, we express A in the coordinate system centered at O
′:
A =
∫ ∞
−∞
dω
∑
β
(
Aβ2A
TE,reg
β (x
′, ω) + Cβ2 A
TM,reg
β (x
′, ω)
)
e−iωt.
In the region outside the two objects, A can be expressed in both coordinate system. Close to the object O1,
A =
∫ ∞
−∞
dω
∑
α
(
aα1A
TE,reg
α (x, ω) + b
α
1A
TE,out
α (x, ω) + c
α
1A
TM,reg
α (x, ω) + d
α
1A
TM,out
α (x, ω)
)
e−iωt. (11)
Close to the object O2,
A =
∫ ∞
−∞
dω
∑
β
(
aβ2A
TE,reg
β (x
′, ω) + bβ2A
TE,out
β (x
′, ω) + cβ2A
TM,reg
β (x
′, ω) + dβ2A
TM,out
β (x
′, ω)
)
e−iωt.
In fact, the regular waves close to O1 are propagated from the outgoing waves outside O2, and the regular waves close
to O2 are propagated from the outgoing waves outside O1. More precisely, they are related by translations:(
A
TE,out
β (x
′, ω)
A
TM,out
β (x
′, ω)
)
=
∑
α
(
UTE,TEα,β (−L) UTM,TEα,β (−L)
UTE,TMα,β (−L) UTM,TMα,β (−L)
)(
A
TE,reg
α (x, ω)
A
TM,reg
α (x, ω)
)
,
(
A
TE,out
α (x, ω)
A
TM,out
α (x, ω)
)
=
∑
β
(
UTE,TEβ,α (L) U
TM,TE
β,α (L)
UTE,TMβ,α (L) U
TM,TM
β,α (L)
)(
A
TE,reg
β (x
′, ω)
A
TM,reg
β (x
′, ω)
)
.
From these, we find that (
aα1
cα1
)
=
∑
β
Uα,β(−L)
(
bβ2
dβ2
)
,
(
aβ2
cβ2
)
=
∑
α
Uβ,α(L)
(
bα1
dα1
)
.
(12)
Here Uα,β is the 2× 2 translation matrix with components UTE,TEα,β , UTE,TMα,β , UTM,TEα,β , UTM,TMα,β .
Now, for i = 1, 2, the boundary conditions on the boundary of the object Oi will give rise to four homogeneous rela-
tions between aαi , b
α
i , c
α
i , d
α
i and A
α
i , C
α
i . Eliminating A
α
i and C
α
i , we are left with two relations among a
α
i , b
α
i , c
α
i , d
α
i .
From these we can solve for bαi , d
α
i in terms of a
α
i , c
α
i and write it in the matrix form(
bαi
dαi
)
= −Tαi
(
aαi
cαi
)
. (13)
6Up to a constant, Ti is the transition matrix or the Lippmann-Schwinger T-operator associated with object Oi. It is
closely related to the scattering matrix of the object Oi [7, 32, 36, 44, 45].
From (12) and (13), we have (
bα1
dα1
)
=− Tα1
(
aα1
cα1
)
=− Tα1
∑
β
Uα,β(−L)
(
bβ2
dβ2
)
=Tα1
∑
β
Uα,β(−L)Tβ2
(
aβ2
cβ2
)
=Tα1
∑
β
Uα,β(−L)Tβ2
∑
α′
Uβ,α′(L)
(
bα
′
1
dα
′
1
)
,
or in other words,
∑
α′
Iα,α′ − Tα1 ∑
β
Uα,β(−L)Tβ2Uβ,α′(L)
(bα′1
dα
′
1
)
=
(
0
0
)
.
Here Iα,α′ is the 2 × 2 identity matrix. For nontrivial eigenmodes, the infinite vector with α-component given by(
bα1 d
α
1
)T
cannot be identically zero, which holds if and only if det (I−M) = 0, where I is the identity matrix and
M = T1U12T2U21. Ti is an infinite diagonal matrix whose (α, α)-component is the 2× 2 matrix Tαi , U12 is an infinite
matrix with (α, β)-component given by Uα,β(−L), and U21 is an infinite matrix with (β, α)-component given by
Uβ,α(L). Therefore, we find that the eigenfrequencies of the system are the nonnegative solutions of the equation
det (I−M(ω)) = 0.
Hence, the Casimir interaction energy is given by
ECas =
∑
ω>0
det(I−M(ω))=0
~ω
2
.
Using the residue theorem, this can be computed by
ECas =
∑
ω>0
~ω
2
Resω
d
dω
ln det (I−M(ω))
=− ~
2
1
2πi
∫ i∞
−i∞
dω ω
d
dω
ln det (I−M(ω))
=− ~
2π
∫ ∞
0
dξ ξ
d
dξ
Tr ln (I−M(iξ)) .
(14)
Integration by parts give
ECas =
~
2π
∫ ∞
0
dξTr ln (I−M(iξ)) , (15)
where
M(iξ) = T1(iξ)U12(iξ)T2(iξ)U21(iξ).
Eq. (15) is called the TGTG formula for the Casimir interaction energy.
In the case of a scalar field, we let
ϕ =
∫ ∞
−∞
dω
∑
α
Aα1ϕ
reg
α (x, ω)e
−iωt (16)
7inside object O1,
ϕ =
∫ ∞
−∞
dω
∑
β
Aβ2ϕ
reg
β (x
′, ω)e−iωt
inside object O2. Outside O1 and O2,
ϕ =
∫ ∞
−∞
dω
∑
α
(
aα1ϕ
reg
α (x, ω) + b
α
1ϕ
out
α (x, ω)
)
e−iωt
=
∫ ∞
−∞
dω
∑
β
(
aβ2ϕ
reg
β (x
′, ω) + bβ2ϕ
out
β (x
′, ω)
)
e−iωt.
(17)
Then the Casimir energy is given by (15), where the matrix Ti is obtained from the boundary conditions on object
Oi. It is diagonal with (α, α)-component T
α
i being a scalar relating b
α
i with a
α
i :
bαi = −Tαi aαi .
For the translation matrices U12 and U21, their components are defined by the relations:
ϕoutβ (x
′, ω) =
∑
α
Uα,β(−L)ϕregα (x, ω),
ϕoutα (x, ω) =
∑
β
Uβ,α(L)ϕ
reg
β (x
′, ω).
B. One object is inside the other
Assume that object O1 lies inside object O2. Inside the object O1, we express A in the coordinate system centered
at O:
A =
∫ ∞
−∞
dω
∑
α
(
Aα1A
TE,reg
α (x, ω) + C
α
1 A
TM,reg
α (x, ω)
)
e−iωt.
Outside the object O2, we express A in the coordinate system centered at O
′:
A =
∫ ∞
−∞
dω
∑
β
(
Bβ2A
TE,out
β (x
′, ω) +Dβ2A
TM,out
β (x
′, ω)
)
e−iωt.
In the region between O1 and O2,
A =
∫ ∞
−∞
dω
∑
α
(
aα1A
TE,reg
α (x, ω) + b
α
1A
TE,out
α (x, ω) + c
α
1A
TM,reg
α (x, ω) + d
α
1A
TM,out
α (x, ω)
)
e−iωt,
which can be re-expanded with respect to O′ as
A =
∫ ∞
−∞
dω
∑
β
(
aβ2A
TE,reg
β (x
′, ω) + bβ2A
TE,out
β (x
′, ω) + cβ2A
TM,reg
β (x
′, ω) + dβ2A
TM,out
β (x
′, ω)
)
e−iωt,
using the translation formulas(
A
TE,reg
β (x
′, ω)
A
TM,reg
β (x
′, ω)
)
=
∑
α
(
V TE,TEα,β (−L) V TM,TEα,β (−L)
V TE,TMα,β (−L) V TM,TMα,β (−L)
)(
A
TE,reg
α (x, ω)
A
TM,reg
α (x, ω)
)
(
A
TE,out
α (x, ω)
A
TM,out
α (x, ω)
)
=
∑
β
(
WTE,TEβ,α (L) W
TM,TE
β,α (L)
WTE,TMβ,α (L) W
TM,TM
β,α (L)
)(
A
TE,out
β (x
′, ω)
A
TM,out
β (x
′, ω)
)
.
8In other words, (
aα1
cα1
)
=
∑
β
Vα,β(−L)
(
aβ2
cβ2
)
,
(
bβ2
dβ2
)
=
∑
α
Wα,β(L)
(
bα1
dα1
)
.
As before, the boundary conditions on the boundary of O1 gives(
bα1
dα1
)
= −Tα1
(
aα1
cα1
)
. (18)
The matrix T is the same as in the case when two objects are outside each other. On the other hand, by eliminating
Bβ2 and D
β
2 , the boundary conditions on the boundary of O2 give rise to a relation(
aβ2
cβ2
)
= −T˜β2
(
bβ2
dβ2
)
. (19)
Therefore, (
bα1
dα1
)
=− Tα1
(
aα1
cα1
)
=− Tα1
∑
β
Vα,β(−L)
(
aβ2
cβ2
)
=Tα1
∑
β
Vα,β(−L)T˜β2
(
bβ2
dβ2
)
=Tα1
∑
β
Vα,β(−L)T˜β2
∑
α′
Wβ,α′(L)
(
bα
′
1
dα
′
1
)
.
As in the case where two objects are outside each other, one then obtains the formula (15) for the Casimir energy,
where now the matrix M is given by
M = T1V12(−L)T˜2W21(L). (20)
In the case of a scalar field, we let
ϕ =
∫ ∞
−∞
dω
∑
α
Aα1ϕ
reg
α (x, ω)e
−iωt
inside object O1,
ϕ =
∫ ∞
−∞
dω
∑
β
Bβ2ϕ
out
β (x
′, ω)e−iωt (21)
outside object O2. In the region between O1 and O2,
ϕ =
∫ ∞
−∞
dω
∑
α
(
aα1ϕ
reg
α (x, ω) + b
α
1ϕ
out
α (x, ω)
)
e−iωt
=
∫ ∞
−∞
dω
∑
β
(
aβ2ϕ
reg
β (x
′, ω) + bβ2ϕ
out
β (x
′, ω)
)
e−iωt.
(22)
The Casimir energy is given by (15), with M given by (20). The matrices T1 and T˜2 are obtained from the boundary
conditions on objects O1 and O2 respectively. They are diagonal with
bα1 = −Tα1 aα1 , aβ2 = −T˜ β2 bβ2 .
9For the translation matrices V12 and W21, they are defined by the relations:
ϕregβ (x
′, ω) =
∑
α
Vα,β(−L)ϕregα (x, ω),
ϕoutα (x, ω) =
∑
β
Wβ,α(L)ϕ
out
β (x
′, ω).
Using the mode summation approach, we have shown that the Casimir interaction energy between two objects can
be expressed as the TGTG formula (15). Our approach here is somehow formal in contrast to the mode summation
approach employed in [41, 42] for the Casimir interaction between two eccentric cylinders. The Casimir self energies
of each of the objects do not appear in our approach, and we obtain immediately the Casimir interaction energy.
Nevertheless, we would like to emphasize that our approach can also be made rigorous as in [41, 42].
In the above and in the following, the Casimir energy is understood as the Casimir energy at zero temperature. We
will not elaborate on the finite temperature Casimir free energy as it can be easily derived from the zero temperature
Casimir energy using Matsubara formalism. More precisely, the Casimir free energy can be expressed in the form of
TGTG formula by changing the integration over ξ in the formula for the zero temperature Casimir energy (15) to
summation over Matsubara frequencies ξp = 2πpkBT/~. More precisely, the Casimir free energy is given by
FCas =kBT
∞∑
p=0
′Tr ln (I−M(iξp)) , (23)
where the prime ′ over the summation means that the term with p = 0 comes with a weight 1/2.
The main ingredients of the TGTG formulas are the T, T˜ matrices and the translation matrices U,V,W. Notice
that the T or T˜ matrix of an object does not depend on the other objects. It is derived solely from the boundary
conditions imposed on that single object. If we consider the Casimir interaction between the object and an object
outside it, we need to find the T-matrix of the object. If we consider the Casimir interaction between the object and
an object inside it, we need to find the T˜-matrix of the object. In the following sections, we will find the T and T˜
matrices of planes, spheres and cylinders under various boundary conditions. We will then discuss the translation
matrices U,V,W between different pairs of objects.
In this section, we focus on Casimir interaction between two objects. As in [33, 36], one can in fact consider Casimir
interaction between multiple objects. In Appendix A, we show how the approach in this section can be generalized
to more than two objects. In that case, the Casimir interaction can still be expressed in the form (15) but the matrix
M has a different representation. However, the building blocks of the matrix M are still the T, T˜ matrices and the
translation matrices.
III. THE T˜ MATRIX OF A PLANE
Choosing ez as the distinct direction, plane wave basis are parametrized by k⊥ = (kx, ky) ∈ R2, with
ϕ
reg
out
k⊥
(x, k) =eikxx+ikyy∓i
√
k2−k2
⊥
z,
A
TE,
reg
out
k⊥
(x, k) =
1
k⊥
∇× ϕ
reg
out
k⊥
(x, k)ez
=
1
k⊥
eikxx+ikyy∓i
√
k2−k2
⊥
z (ikyex − ikxey) ,
A
TM,
reg
out
k⊥
(x, k) =
1
kk⊥
∇×∇× ϕ
reg
out
k⊥
(x, k)ez
=
1
kk⊥
eikxx+ikyy∓i
√
k2−k2
⊥
z
(
±kx
√
k2 − k2⊥ex ± ky
√
k2 − k2⊥ey + k2⊥ez
)
.
Here k⊥ =
√
k2x + k
2
y.
Assume that a plane of dimension H ×H is located at z = 0. In the following, when we consider the Casimir effect
between a sphere and a plane or a cylinder and a plane, we always regard the sphere and the cylinder as inside the
plane. Hence, we only compute the T˜-matrix for a plane. Let a scalar field be represented as
ϕ = H2
∫ ∞
−∞
dω
∫ ∞
−∞
dkx
2π
∫ ∞
−∞
dky
2π
(
ak⊥ϕreg
k⊥
(x, k) + bk⊥ϕoutk⊥ (x, k)
)
e−iωt (24)
10
for z < 0 (inside), and by
ϕ = H2
∫ ∞
−∞
dω
∫ ∞
−∞
dkx
2π
∫ ∞
−∞
dky
2π
Bk⊥ϕoutk⊥ (x, k)e
−iωt, (25)
for z > 0 (outside). First consider the boundary condition uϕ+ v∂zϕ = 0 on the plane. In this case, the field outside
does not contribute to T˜. The boundary condition gives
ak⊥
(
u− i
√
k2 − k2⊥v
)
+ bk⊥
(
u+ i
√
k2 − k2⊥v
)
= 0.
where k is given by (5). Passing to the imaginary frequency ω = iξ, we find that
T˜ k⊥(iξ) = −a
k⊥
bk⊥
=
u− v
√
κ2 + k2⊥
u+ v
√
κ2 + k2⊥
,
where
κ =
√
ξ2
c2
+
m2c2
~2
. (26)
For a semitransparent plane, the boundary conditions (3) give
ak⊥ + bk⊥ = Bk⊥ ,
i
√
k2 − k2⊥Bk⊥ + i
√
k2 − k2⊥
(
ak⊥ − bk⊥) = λBk⊥ .
Eliminating Bk⊥ and passing to imaginary frequency, we find that
T˜ k⊥(iξ) = −a
k⊥
bk⊥
=
λ
λ+ 2
√
κ2 + k2⊥
,
with κ given by (26).
For an electromagnetic field, let
A = H2
∫ ∞
−∞
dω
∫ ∞
−∞
dkx
2π
∫ ∞
−∞
dky
2π
(
ak⊥ATE, reg
k⊥
(x, k) + bk⊥ATE, out
k⊥
(x, k) + ck⊥ATM, reg
k⊥
(x, k) + dk⊥ATM, out
k⊥
(x, k)
)
e−iωt
(27)
for z < 0 (inside), and
A = H2
∫ ∞
−∞
dω
∫ ∞
−∞
dkx
2π
∫ ∞
−∞
dky
2π
(
Bk⊥ATE, out
k⊥
(x, k) +Dk⊥ATM, out
k⊥
(x, k)
)
e−iωt (28)
for z > 0 (outside). Assume that the inside of the plane is filled with material with permittivity εi and permeability µi,
and the outside is filled with material with permittivity εe and permeability µe. Then the continuities of εEn,E‖,Bn
and µ−1B‖ give
ak⊥ + bk⊥ = Bk⊥ ,√
k2i − k2⊥
µi
(
ak⊥ − bk⊥) = − 1
µe
Bk⊥
√
k2e − k2⊥,√
k2i − k2⊥
ki
(
ck⊥ − dk⊥) = −Dk⊥√k2e − k2⊥
ke
,
εi
ki
(
ck⊥ + dk⊥
)
=
εe
ke
Dk⊥ ,
where
ke =
√
εeµeω = ne
ω
c
,
ki =
√
εiµiω = ni
ω
c
.
(29)
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Eliminating Bk⊥ and Dk⊥ gives
ak⊥
bk⊥
=− µi
√
k2e − k2⊥ − µe
√
k2i − k2⊥
µi
√
k2e − k2⊥ + µe
√
k2i − k2⊥
,
ck⊥
dk⊥
=− εi
√
k2e − k2⊥ − εe
√
k2i − k2⊥
εi
√
k2e − k2⊥ + εe
√
k2i − k2⊥
.
Hence
T˜
k⊥ =
(
T˜TE
k⊥
0
0 T˜TM
k⊥
)
(30)
is a diagonal matrix with elements
T˜TE
k⊥
(iξ) =
µi
√
κ2e + k
2
⊥ − µe
√
κ2i + k
2
⊥
µi
√
κ2e + k
2
⊥ + µe
√
κ2i + k
2
⊥
,
T˜TMk⊥ (iξ) =
εi
√
κ2e + k
2
⊥ − εe
√
κ2i + k
2
⊥
εi
√
κ2e + k
2
⊥ + εe
√
κ2i + k
2
⊥
,
(31)
where
κe = ne(iξ)
ξ
c
, κi = ni(iξ)
ξ
c
. (32)
IV. THE T, T˜ MATRICES OF A SPHERE
In spherical coordinates x = r sin θ cosφ, y = r sin θ sinφ, z = r cos θ, the regular waves and outgoing waves solutions
of the equation (4) are
ϕreglm (x, k) = Cregl jl(kr)Ylm(θ, φ), ϕoutlm (x, k) = Coutl h(1)l (kr)Ylm(θ, φ), (33)
where l = 0, 1, 2, . . ., −l ≤ m ≤ l,
Cregl = i−l, Coutl =
π
2
il+2,
jl(z) =
√
π
2z
Jl+ 1
2
(z), h
(1)
l (z) =
√
π
2z
H
(1)
l+ 1
2
(z)
are the spherical Bessel functions, and Ylm(θ, φ) are spherical harmonics given by
Ylm(θ, φ) =
√
2l + 1
4π
(l −m)!
(l +m)!
Pml (cos θ)e
imφ.
Here Pml (z) are the associated Legendre functions. The constants Cregl and Coutl are chosen so that
Cregl jl(iζ) =
√
π
2ζ
Il+ 1
2
(ζ), Coutl h(1)l (iζ) =
√
π
2ζ
Kl+ 1
2
(ζ).
For the vector wave equation (7), choosing er as the distinct direction, the TE and TM waves are
A
TE,∗
lm (x, k) =
1√
l(l + 1)
∇× ϕ∗lm(x, k)rer
=
C∗l√
l(l + 1)
f∗l (kr)
(
im
sin θ
Ylm(θ, φ)eθ − ∂Ylm(θ, φ)
∂θ
eφ
)
,
A
TM,∗
lm (x, k) =
1
k
√
l(l + 1)
∇×∇× ϕ∗lm(x, k)rer
=C∗l
(√
l(l+ 1)
kr
f∗l (kr)Ylm(θ, φ)er +
1√
l(l+ 1)
1
kr
d
dr
(rf∗l (kr))
[
∂Ylm(θ, φ)
∂θ
eθ +
im
sin θ
Ylm(θ, φ)eφ
])
,
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where l = 1, 2, . . . , −l ≤ m ≤ l. Here ∗ = reg or out, with f regl (z) = jl(z) and foutl (z) = h(1)l (z).
Now we consider the T, T˜ matrices for various scenarios. Consider a sphere of radius R centered at the origin. To
compute the T-matrix, let a scalar field be represented as
ϕ =
∫ ∞
−∞
dω
∞∑
l=0
l∑
m=−l
Almϕreglm (x, k)e
−iωt
inside the sphere, and as
ϕ =
∫ ∞
−∞
dω
∞∑
l=0
l∑
m=−l
(
almϕreglm (x, k) + b
lmϕoutlm (x, k)
)
e−iωt (34)
outside the sphere. To compute the T˜-matrix, a scalar field is represented as (34) inside the sphere, and as
ϕ =
∫ ∞
−∞
dω
∞∑
l=0
l∑
m=−l
Blmϕoutlm (x, k)e
−iωt,
outside the sphere.
If Dirichlet, Neumann or Robin boundary condition is imposed on the sphere, and we are considering the Casimir
interaction between this sphere and other objects outside the sphere, the field inside the sphere does not contribute
to the Casimir interaction energy. With the boundary condition uϕ+ vr∂rϕ = 0 on the sphere, we find that
almCregl (ujl(kR) + vkRj′l(kR)) + blmCoutl
(
uh
(1)
l (kR) + vkRh
(1)′
l (kR)
)
= 0.
Passing to imaginary frequency, we have
T lm(iξ) =− b
lm
alm
=
(
u− v2
)
Il+ 1
2
(κR) + vκRI ′
l+ 1
2
(κR)(
u− v2
)
Kl+ 1
2
(κR) + vκRK ′
l+ 1
2
(κR)
,
where κ is given by (26).
If we are considering the Casimir interaction of the sphere with other objects inside the sphere, the field outside
the sphere does not contribute. Using the boundary condition uϕ+ vr∂rϕ = 0, we find that
T˜ lm(iξ) =
(
T lm
)−1
(iξ) =
(
u− v2
)
Kl+ 1
2
(κR) + vκRK ′
l+ 1
2
(κR)(
u− v2
)
Il+ 1
2
(κR) + vκRI ′
l+ 1
2
(κR)
.
If the sphere is semitransparent, i.e., it satisfies the boundary conditions (3), then for T lm, the boundary conditions
give
almCregl jl(kR) + blmCoutl h(1)l (kR) = AlmCregl jl(kR),
almCregl kj′l(kR) + blmCoutl kh(1)′l (kR)−AlmCregl kj′l(kR) = λAlmCregl jl(kR).
Eliminating Alm, we find that
T lm =− b
lm
alm
=
Cregl
Coutl
λjl(kR)
2
kj′l(kR)h
(1)
l (kR)− kh(1)′l (kR)jl(kR) + λjl(kR)h(1)l (kR)
.
Using the identity
j′l(z)h
(1)
l (z)− h(1)′l (z)jl(z) = −
i
z2
,
and passing to imaginary frequency, we find that
T lm(iξ) =
λRIl+ 1
2
(κR)2
1 + λRIl+ 1
2
(κR)Kl+ 1
2
(κR)
,
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where κ is given by (26).
For T˜ lm, the boundary conditions give
almCregl jl(kR) + blmCoutl h(1)l (kR) = BlmCoutl h(1)l (kR),
BlmCoutl kh(1)′l (kR)− almCregl kj′l(kR)− blmCoutl kh(1)′l (kR) = λBlmCoutl h(1)l (kR).
As before, we find that
T˜ lm(iξ) =
λRKl+ 1
2
(κR)2
1 + λRIl+ 1
2
(κR)Kl+ 1
2
(κR)
.
Now consider the electromagnetic case. For the T-matrix, an electromagnetic field is represented as
A =
∫ ∞
−∞
dω
∞∑
l=1
l∑
m=−l
(
AlmATE, reglm (x, k) + C
lm
A
TM, reg
lm (x, k)
)
e−iωt
inside the sphere, and as
A =
∫ ∞
−∞
dω
∞∑
l=1
l∑
m=−l
(
almATE, reglm (x, k) + b
lm
A
TE, out
lm (x, k) + c
lm
A
TM, reg
lm (x, k) + d
lm
A
TM, out
lm (x, k)
)
e−iωt (35)
outside the sphere. For the T˜-matrix, an electromagnetic field is represented as (35) inside the sphere and as
A =
∫ ∞
−∞
dω
∞∑
l=1
l∑
m=−l
(
BlmATE, outlm (x, k) +D
lm
A
TM, out
lm (x, k)
)
e−iωt
outside the sphere.
For a magnetodielectric sphere whose inside is filled with material with permittivity εi and permeability µi, and
whose outside is a medium with permittivity εe and permeability µe, the continuities of εEn,E‖,Bn and µ
−1
B‖ give
almCregl jl(keR) + blmCoutl h(1)l (keR) = AlmCregl jl(kiR),
almCregl
1
µe
(
jl(keR) + keRj
′
l(keR)
)
+ blmCoutl
1
µe
(
h
(1)
l (keR) + keRh
(1)′
l (keR)
)
= AlmCregl
1
µi
(
jl(kiR) + kiRj
′
l(kiR)
)
,
clmCregl
εe
ke
jl(keR) + d
lmCoutl
εe
ke
h
(1)
l (keR) = C
lmCregl
εi
ki
jl(kiR),
clmCregl
1
ke
(
jl(keR) + keRj
′
l(keR)
)
+ dlmCoutl
1
ke
(
h
(1)
l (keR) + keRh
(1)′
l (keR)
)
= ClmCregl
1
ki
(
jl(kiR) + kiRj
′
l(kiR)
)
.
Here ki and ke are given by (29). Eliminating A
lm and Clm, we find that(
blm
dlm
)
= −Tlm
(
alm
clm
)
,
where
T
lm =
(
TTElm 0
0 TTMlm
)
is a diagonal matrix with elements
TTElm (iξ) =
µeIl+ 1
2
(κeR)
(
1
2Il+ 12 (κiR) + κiRI
′
l+ 1
2
(κiR)
)
− µiIl+ 1
2
(κiR)
(
1
2Il+ 12 (κeR) + κeRI
′
l+ 1
2
(κeR)
)
µeKl+ 1
2
(κeR)
(
1
2Il+ 12 (κiR) + κiRI
′
l+ 1
2
(κiR)
)
− µiIl+ 1
2
(κiR)
(
1
2Kl+ 12 (κeR) + κeRK
′
l+ 1
2
(κeR)
) ,
TTMlm (iξ) =
εeIl+ 1
2
(κeR)
(
1
2Il+ 12 (κiR) + κiRI
′
l+ 1
2
(κiR)
)
− εiIl+ 1
2
(κiR)
(
1
2Il+ 12 (κeR) + κeRI
′
l+ 1
2
(κeR)
)
εeKl+ 1
2
(κeR)
(
1
2Il+ 12 (κiR) + κiRI
′
l+ 1
2
(κiR)
)
− εiIl+ 1
2
(κiR)
(
1
2Kl+ 12 (κeR) + κeRK
′
l+ 1
2
(κeR)
) .
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Here κi and κe are given by (32).
For the T˜-matrix, we find in a similar way that T˜lm is a diagonal matrix with elements
T˜TElm (iξ) =
µiKl+ 1
2
(κiR)
(
1
2Kl+ 12 (κeR) + κeRK
′
l+ 1
2
(κeR)
)
− µeKl+ 1
2
(κeR)
(
1
2Kl+ 12 (κiR) + κiRK
′
l+ 1
2
(κiR)
)
µiIl+ 1
2
(κiR)
(
1
2Kl+ 12 (κeR) + κeRK
′
l+ 1
2
(κeR)
)
− µeKl+ 1
2
(κeR)
(
1
2Il+ 12 (κiR) + κiRI
′
l+ 1
2
(κiR)
) ,
T˜TMlm (iξ) =
εiKl+ 1
2
(κiR)
(
1
2Kl+ 12 (κeR) + κeRK
′
l+ 1
2
(κeR)
)
− εeKl+ 1
2
(κeR)
(
1
2Kl+ 12 (κiR) + κiRK
′
l+ 1
2
(κiR)
)
εiIl+ 1
2
(κiR)
(
1
2Kl+ 12 (κeR) + κeRK
′
l+ 1
2
(κeR)
)
− εeKl+ 1
2
(κeR)
(
1
2Il+ 12 (κiR) + κiRI
′
l+ 1
2
(κiR)
) .
V. THE T, T˜ MATRICES OF A CYLINDER
In cylindrical coordinates x = ρ cosφ, y = ρ sinφ, z = z, the regular waves and outgoing waves are parametrized by
n ∈ Z and kz ∈ R. They are given by
ϕregnkz (x, k) =Cregn Jn(k⊥ρ)einφ+ikzz ,
ϕoutnkz (x, k) =Coutn H(1)n (k⊥ρ)einφ+ikzz,
and
A
TE,∗
nkz
(x, k) =
1
k⊥
∇× ϕ∗nkzez
=C∗n
(
in
k⊥ρ
f∗n(k⊥ρ)eρ − f∗′n (k⊥ρ)eφ
)
einφ+ikzz,
A
TM,∗
nkz
(x, k) =
1
kk⊥
∇×∇× ϕ∗nkzez
=C∗n
(
ikz
k
f∗′n (k⊥ρ)eρ −
nkz
kk⊥ρ
f∗n(k⊥ρ)eφ +
k⊥
k
f∗n(k⊥ρ)ez
)
einφ+ikzz.
Here
k⊥ =
√
k2 − k2z ,
Cregn =i−n, Coutn =
π
2
in+1,
f regn (z) =Jn(z), f
out
n = H
(1)
n (z).
The constants Cregn and Coutn are chosen so that
Cregn Jn(iζ) = In(ζ), Coutn H(1)n (iζ) = Kn(ζ).
Consider a cylinder ρ = R of radius R and length H . For a scalar field, to find the T-matrix, let
ϕ = H
∫ ∞
−∞
dω
∫ ∞
−∞
dkz
2π
∞∑
n=−∞
Ankzϕregnkz (x, k)e
−iωt
inside the cylinder, and
ϕ = H
∫ ∞
−∞
dω
∫ ∞
−∞
dkz
2π
∞∑
n=−∞
(
ankzϕregnkz (x, k) + b
nkzϕoutnkz (x, k)
)
e−iωt (36)
outside the cylinder. For the T˜-matrix, let the scalar field be represented by (36) inside the cylinder, and by
ϕ = H
∫ ∞
−∞
dω
∫ ∞
−∞
dkz
2π
∞∑
n=−∞
Bnkzϕoutnkz (x, k)e
−iωt
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outside the cylinder.
First let us consider a scalar field with boundary condition uϕ+ ρ∂ρϕ = 0 on the cylinder. This gives
ankzCregn (uJn(k⊥R) + vk⊥RJ ′n(k⊥R)) + bnkzCoutn
(
uHn(k⊥R) + vk⊥RH
(1)′
n (k⊥R)
)
= 0.
Therefore,
T nkz(iξ) = − b
nkz
ankz
=
uIn(γR) + vγRI
′
n(γR)
uKn(γR) + vγRH
(1)′
n (γR)
,
T˜ nkz(iξ) = −a
nkz
bnkz
=
uKn(γR) + vγRH
(1)′
n (γR)
uIn(γR) + vγRI ′n(γR)
,
where
γ =
√
ξ2
c2
+ k2z +
m2c2
~2
.
Next consider the case of a semitransparent cylinder. For the T-matrix, the boundary conditions (3) imply that
ankzCregn Jn(k⊥R) + bnkzCoutn H(1)n (k⊥R) = AnkzCregn Jn(k⊥R),
ankzCregn k⊥J ′n(k⊥R) + bnkzCoutn k⊥H(1)′n (k⊥R)−AnkzCregn k⊥J ′n(k⊥R) = λAnkzCregn Jn(k⊥R).
Eliminating Ankz and passing to imaginary frequency, we find that
T nkz = − b
nkz
ankz
=
λRIn(γR)
2
1 + λRIn(γR)Kn(γR)
.
Similarly, we find that
T˜ nkz =
λRKn(γR)
2
1 + λRIn(γR)Kn(γR)
.
The T and T˜ matrices for electromagnetic fields are more complicated. Assume that a magnetodielectric cylinder
has permittivity εi and permeability µi, and it is surrounded by medium of permittivity εe and permeability µe. For
the T-matrix, the continuities of εEn,E‖,Bn, µ
−1
B‖ across the surface give
cnkzCregn
k⊥,e
ke
Jn(k⊥,eR) + d
nkzCoutn
k⊥,e
ke
H(1)n (k⊥,eR) = C
nkzCregn
k⊥,i
ki
Jn(k⊥,iR), (37)
ankzCregn J ′n(k⊥,eR) + bnkzCoutn H(1)′n (k⊥,eR) + cnkzCregn
nkz
kek⊥,eR
Jn(k⊥,eR) + d
nkzCoutn
nkz
kek⊥,eR
H(1)n (k⊥,eR)
= AnkzCregn J ′n(k⊥,iR) + CnkzCregn
nkz
kik⊥,iR
Jn(k⊥,iR),
(38)
ankzCregn
k⊥,e
µe
Jn(k⊥,eR) + b
nkzCoutn
k⊥,e
µe
H(1)n (k⊥,eR) = A
nkzCregn
k⊥,i
µi
Jn(k⊥,iR), (39)
ankzCregn
nkz
µek⊥,eR
Jn(k⊥,eR) + b
nkzCoutn
nkz
µek⊥,eR
H(1)n (k⊥,eR) + c
nkzCregn
ke
µe
J ′n(k⊥,eR) + d
nkzCoutn
ke
µe
H(1)′n (k⊥,eR)
= AnkzCregn
nkz
µik⊥,iR
Jn(k⊥,iR) + C
nkzCregn
ki
µi
J ′n(k⊥,iR),
(40)
where ki and ke are defined in (29). The first two conditions come from the continuities of E‖. They imply the
continuity of Bn. The last two conditions come from the continuities of µ
−1
B‖. They imply the continuity of εEn.
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By eliminating Ankz and Cnkz , we can solve bnkz and dnkz in terms of ankz and cnkz , which can be presented in the
form: (
bnkz
dnkz
)
= −Tnkz
(
ankz
cnkz
)
= −
(
TTE,TEnkz T
TE,TM
nkz
TTM,TEnkz T
TM,TM
nkz
)(
bnkz
dnkz
)
,
where
TTE,TEnkz (iξ) =
1
∆nkz
(
∆TE,1nkz ∆
TM,2
nkz
+
n2k2zξ
2
γ2i γ
2
eR
2c4
(n2e − n2i )2In(γeR)Kn(γeR)In(γiR)2
)
,
TTM,TMnkz (iξ) =
1
∆nkz
(
∆TE,2nkz ∆
TM,1
nkz
+
n2k2zξ
2
γ2i γ
2
eR
2c4
(n2e − n2i )2In(γeR)Kn(γeR)In(γiR)2
)
,
TTE,TMnkz (iξ) =T
TM,TE
nkz
(iξ) = − 1
∆nkz
inkzκe
γ2eR
2c2
(n2e − n2i )In(γiR)2,
∆TE,1nkz =γiµeIn(γiR)I
′
n(γeR)− γeµiIn(γeR)I ′n(γiR),
∆TE,2nkz =γiµeIn(γiR)K
′
n(γeR)− γeµiKn(γeR)I ′n(γiR),
∆TM,1nkz =γiεeIn(γiR)I
′
n(γeR)− γeεiIn(γeR)I ′n(γiR),
∆TM,2nkz =γiεeIn(γiR)K
′
n(γeR)− γeεiKn(γeR)I ′n(γiR),
∆nkz =∆
TE,2
nkz
∆TM,2nkz +
n2k2zξ
2
γ2i γ
2
eR
2c4
(n2e − n2i )2Kn(γeR)2In(γiR)2,
γe =
√
κ2e + k
2
z , γi =
√
κ2i + k
2
z ,
where κi and κe are given by (32).
For the T˜-matrix, we find in a similar way that
T˜TE,TEnkz (iξ) =
1
∆˜nkz
(
∆˜TE,1nkz ∆˜
TM,2
nkz
+
n2k2zξ
2
γ2i γ
2
eR
2c4
(n2e − n2i )2In(γiR)Kn(γiR)Kn(γeR)2
)
,
T˜TM,TMnkz (iξ) =
1
∆˜nkz
(
∆˜TE,2nkz ∆˜
TM,1
nkz
+
n2k2zξ
2
γ2i γ
2
eR
2c4
(n2e − n2i )2In(γiR)Kn(γiR)Kn(γeR)2
)
,
T˜TE,TMnkz (iξ) =T˜
TM,TE
nkz
(iξ) = − 1
∆˜nkz
inkzκi
γ2iR
2c2
(n2e − n2i )Kn(γeR)2,
∆˜TE,1nkz =γeµiKn(γeR)K
′
n(γiR)− γiµeKn(γiR)K ′n(γeR),
∆˜TE,2nkz =γeµiKn(γeR)I
′
n(γiR)− γiµeIn(γiR)K ′n(γeR),
∆˜TM,1nkz =γeεiKn(γeR)K
′
n(γiR)− γiεeKn(γiR)K ′n(γeR),
∆˜TM,2nkz =γeεiKn(γeR)I
′
n(γiR)− γiεeIn(γiR)K ′n(γeR),
∆˜nkz =∆˜
TE,2
nkz
∆˜TM,2nkz +
n2k2zξ
2
γ2i γ
2
eR
2c4
(n2e − n2i )2Kn(γeR)2In(γiR)2.
Notice that the T and T˜ matrices are diagonal if and only if ni = ne, i.e., the media inside and outside the cylinder
have the same refractive index. In this case,
TTE,TEnkz =
γiµeIn(γiR)I
′
n(γeR)− γeµiIn(γeR)I ′n(γiR)
γiµeIn(γiR)K ′n(γeR)− γeµiKn(γeR)I ′n(γiR)
,
TTM,TMnkz =
γiεeIn(γiR)I
′
n(γeR)− γeεiIn(γeR)I ′n(γiR)
γiεeIn(γiR)K ′n(γeR)− γeεiKn(γeR)I ′n(γiR)
,
T˜TE,TEnkz =
γeµiKn(γeR)K
′
n(γiR)− γiµeKn(γiR)K ′n(γeR)
γeµiKn(γeR)I ′n(γiR)− γiµeIn(γiR)K ′n(γeR)
,
T˜TM,TMnkz =
γeεiKn(γeR)K
′
n(γiR)− γiεeKn(γiR)K ′n(γeR)
γeεiKn(γeR)I ′n(γiR)− γiεeIn(γiR)K ′n(γeR)
.
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VI. CASIMIR EFFECT BETWEEN TWO SPHERES
In this section, we derive the TGTG formula for the Casimir energy between two spheres using the prescription
in Section II. Since we have discussed the T and T˜ matrices in Section IV, now we only have to find the translation
matrices U,V and W. These matrices have been derived in a numbers of works [48–53]. Since the operator approach
used in [48] can be used for other scenarios, we will discuss in detail the approach of [48].
Consider two spheres, one is centered at O = (0, 0, 0) with radius R1 and one is centered at O
′ = (0, 0, L) with
radius R2. Assume that R2 > R1.
Define a differential operator Plm by
Plm =(−1)m
√
2l+ 1
4π
(l −m)!
(l +m)!
(
∂x + i∂y
ik
)m
P
(m)
l
(
∂z
ik
)
,
Pl,−m =
√
2l+ 1
4π
(l −m)!
(l +m)!
(
∂x − i∂y
ik
)m
P
(m)
l
(
∂z
ik
)
.
Here m ≥ 0, Pl(z) is the Legendre polynomial of degree l and P (m)l (z) is its m-times derivative. It follows from the
definition of spherical harmonics [54] that
Plmeik·r = Ylm(θk, φk)eik·r.
Here k = kxex + kyey + kzez, r = xex + yey + zez, kx = k sin θk cosφk, ky = k sin θk sinφk, kz = k cos θk. On the
other hand, it can be proved by induction that
Plmj0(kr) = iljl(kr)Ylm(θ, φ), Plmh(1)0 (kr) = ilh(1)l (kr)Ylm(θ, φ). (41)
Using the integral representations
j0(kr) =
sin(kr)
kr
=
1
4π
∫ 2pi
0
dφk
∫ pi
0
dθk sin θke
ik·r,
h0(kr) =
exp(ikr)
ikr
=
1
2π
∫ ∞
−∞
dkx
∫ ∞
−∞
dky
eikxx+ikyy±i
√
k2−k2x−k
2
yz
k
√
k2 − k2x − k2y
, z ≷ 0,
where
√
k2 − k2x − k2y = i
√
k2x + k
2
y − k2 if k2x + k2y > k2, we have
ϕreglm (x, k) =
Cregl
4πil
Plm
∫ 2pi
0
dφk
∫ pi
0
dθk sin θke
ik·r
=
1
4πil
∫ 2pi
0
dφk
∫ pi
0
dθk sin θkYlm(θk, φk)e
ik·r,
(42)
and similarly [55]:
ϕoutlm (x, k) =
Coutl
2πil
∫ ∞
−∞
dkx
∫ ∞
−∞
dkyYlm(θk, φk)
eikxx+ikyy±i
√
k2−k2x−k
2
yz
k
√
k2 − k2x − k2y
, z ≷ 0. (43)
Here k cos θk = kz = ±
√
k2 − k2x − k2y for z ≷ 0. The integral representations (42) and (43) will be very useful later.
In fact (42) is equivalent to the well-known formula
eik·r = 4π
∞∑
l=0
l∑
m=−l
iljl(kr)Ylm(θ, φ)Y
∗
lm(θk, φk). (44)
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Now, consider the expansions which define the components of the translation matrices:
ϕregl′m′(x − L, k) =
∞∑
l=0
l∑
m=−l
Vlm,l′m′(−L)ϕreglm (x, k), (45)
ϕoutl′m′(x − L, k) =
∞∑
l=0
l∑
m=−l
Ulm,l′m′(−L)ϕreglm (x, k), (46)
ϕoutlm (x
′ + L, k) =
∞∑
l′=0
l′∑
m′=−l′
Ul′m′,lm(L)ϕ
reg
l′m′(x
′, k), (47)
ϕoutlm (x
′ + L, k) =
∞∑
l′=0
l′∑
m′=−l′
Wl′m′,lm(L)ϕ
out
l′m′(x
′, k). (48)
Since
(Pl′′m′′ϕ
reg
lm ) (0) =
Cregl
4πil
∫ 2pi
0
dφk
∫ pi
0
dθk sin θkYlm(θk, φk)Yl′′m′′(θk, φk) =
(−1)m
4πil
δl,l′′δm′′,−mCregl , (49)
apply the operator Pl,−m to both sides of (45) and set x = 0, we find that
Vlm,l′m′(−L) =4πi
l
Cregl
(−1)m (Pl,−mϕregl′m′) (−L)
=(−1)m
∫ 2pi
0
dφk
∫ pi
0
dθk sin θkYl,−m(θk, φk)Yl′m′(θk, φk)e
ik·L.
Here we have used the fact that (Pl,−mϕregl′m′) (−L) = (−1)l+l
′
(Pl,−mϕregl′m′) (L). Now using the identities [56]:
Yl,−m(θk, φk)Yl′m′(θk, φk)
=
∞∑
l′′=0
l′′∑
m′′=−l′′
(−1)m′′
√
(2l + 1)(2l′ + 1)(2l′′ + 1)
4π
(
l l′ l′′
−m m′ −m′′
)(
l l′ l′′
0 0 0
)
Yl′′m′′(θk, φk),
(50)
(
l l′ l′′
−m m′ −m′′
)
= (−1)l+l′+l′′
(
l l′ l′′
m −m′ m′′
)
,
and the fact that (
l l′ l′′
m −m′ m′′
)(
l l′ l′′
0 0 0
)
is nonzero only if l + l′ + l′′ is even, |l − l′| ≤ l′′ ≤ l + l′, and m−m′ +m′′ = 0, we find that
Vlm,l′m′(−L) =(−1)m
l+l′∑
l′′=|l−l′|
l′′∑
m′′=−l′′
(−1)m′′δm′′,m′−m 4πi
l′′
Cregl′′
√
(2l + 1)(2l′ + 1)(2l′′ + 1)
4π
×
(
l l′ l′′
m −m′ m′′
)(
l l′ l′′
0 0 0
)
ϕregl′′m′′(L, k).
In the case L = Lez, we have
ϕregl′′m′′(L, k) = Cregl′′
√
2l′′ + 1
4π
jl′′(kL)δm′′,0.
Passing to the imaginary frequency, we find that
Vlm,l′m′(−Lez, iξ) = (−1)mδm,m′
√
π
2κL
l+l′∑
l′′=|l−l′|
(−1)l′′H l′′ll′;mIl′′+ 1
2
(κL),
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where
H l
′′
ll′ ;m =
√
(2l + 1)(2l′ + 1)(2l′′ + 1)
(
l l′ l′′
0 0 0
)(
l l′ l′′
m −m 0
)
. (51)
In the same way, (49) and (46) imply that
Ulm,l′m′(−L) =4πi
l
Cregl
(−1)m (Pl,−mϕoutl′m′) (−L)
=π(−1)l′+1(−1)m
∫ ∞
−∞
dkx
∫ ∞
−∞
dkyYl,−m(θk, φk)Yl′m′(θk, φk)
eikxx+ikyy+i
√
k2−k2x−k
2
yz
k
√
k2 − k2x − k2y
∣∣∣∣∣
r=L
=(−1)l′+1(−1)m
l+l′∑
l′′=|l−l′|
l′′∑
m′′=−l′′
(−1)m′′δm′′,m′−m 2π
2il
′′
Coutl′′
√
(2l+ 1)(2l′ + 1)(2l′′ + 1)
4π
×
(
l l′ l′′
m −m′ m′′
)(
l l′ l′′
0 0 0
)
ϕoutl′′m′′(L, k).
Specializing to L = Lez and passing to imaginary frequency, we have
Ulm,l′m′(−Lez, iξ) = (−1)l
′+mδm,m′
√
π
2κL
l+l′∑
l′′=|l−l′|
H l
′′
ll′;mKl′′+ 1
2
(κL).
Analogously, (49) and (47) imply that
Ul′m′,lm(Lez, iξ) = (−1)l
′+mδm,m′
√
π
2κL
l+l′∑
l′′=|l−l′|
H l
′′
ll′;mKl′′+ 1
2
(κL).
Finally, notice that for general L,
ϕoutlm (x
′ + L) =
∞∑
l′=0
l′∑
m′=−l′
Ul′m′,lm(L)ϕ
reg
l′m′(x
′)
=
∞∑
l′=0
l′∑
m′=−l′
(−1)l′+m′
∞∑
l′′=0
l′′∑
m′′=−l′′
(−1)m′′4π
√
(2l+ 1)(2l′ + 1)(2l′′ + 1)
4π
×
(
l l′ l′′
m −m′ −m′′
)(
l l′ l′′
0 0 0
)
ϕoutl′′m′′(L, k)ϕ
reg
l′m′(x
′, k).
Interchanging x′ and L, we have
ϕoutlm (x
′ + L) =
∞∑
l′=0
l′∑
m′=−l′
(−1)m′
∞∑
l′′=0
l′′∑
m′′=−l′′
(−1)l′′+m′′4π
√
(2l + 1)(2l′ + 1)(2l′′ + 1)
4π
(
l l′ l′′
m −m′ −m′′
)(
l l′ l′′
0 0 0
)
× ϕregl′′m′′(L, k)ϕoutl′m′(x′, k).
Compare to (48) and specialize to L = Lez, we find that
Wl′m′,lm(Lez, iξ) = (−1)mδm,m′
√
π
2κL
l+l′∑
l′′=|l−l′|
(−1)l′′H l′′ll′;mIl′′+ 1
2
(κL).
Hence, for a scalar interaction between two spheres, the Casimir interaction is given by
ECas =
~
2π
∫ ∞
0
dξTr ln (1−M(iξ)) ,
20
where the trace Tr is
Tr =
∞∑
m=−∞
∞∑
l=|m|
, (52)
and M is a matrix diagonal in m. When the two spheres are outside each other,
Mlm,l′m′(iξ) =δm,m′T
lm
1
∞∑
l˜=|m|
√
π
2κL
l+l˜∑
l′′=|l−l˜|
H l
′′
ll˜;m
Kl′′+ 1
2
(κL)T l˜m2
√
π
2κL
l′+l˜∑
l˜′′=|l′−l˜|
H l˜
′′
l′ l˜;m
Kl˜′′+ 1
2
(κL).
When sphere 1 is inside sphere 2,
Mlm,l′m′(iξ) =δm,m′T
lm
1
∞∑
l˜=|m|
√
π
2κL
l+l˜∑
l′′=|l−l˜|
H l
′′
ll˜;m
Il′′+ 1
2
(κL)T˜ l˜m2
√
π
2κL
l′+l˜∑
l˜′′=|l′−l˜|
H l˜
′′
l′ l˜;m
Il˜′′+ 1
2
(κL).
Here the fact that H l
′′
ll˜;m
and H l˜
′′
l′ l˜;m
are nonzero only if l + l˜ + l′′ and l′ + l˜ + l˜′′ are even have been used to write
(−1)l′′+l˜′′ as (−1)l+l′ , and the cyclic property of the trace has been used to get rid of this sign factor. κ is related to
ξ by (26). T lm1 is the lm-diagonal component of the T-matrix for sphere 1. T
lm
2 and T˜
lm
2 are components of the T
and T˜ matrices for sphere 2. They have been derived under various boundary conditions in Section IV.
The exact Casimir interaction energy for two spheres that are outside each other has been considered in a number
of works. For two Dirichlet or Neumann spheres, it has been considered in [27, 45, 57]. For two Robin spheres, it
has been considered in [33, 34, 57]. For two semitransparent spheres, it has been considered in [46, 47]. The Casimir
interaction energy for two spheres with Robin boundary conditions, where one is inside the other, has been considered
in [57]. Besides these scenarios, there are other interesting scenarios whose exact Casimir interaction energy can be
obtained from above:
• Two semitransparent spheres, where one is inside the other.
• A Dirichlet/Neumann/Robin sphere and a semitransparent sphere, where the two spheres are outside each other
or one is inside the other.
Next, we consider electromagnetic fields. Let L be the operator
L = −r×∇ = eθ 1
sin θ
∂φ − eφ∂θ,
and define
Xlm(θ, φ) =
1√
l(l+ 1)
LYlm(θ, φ) =
1√
l(l+ 1)
(
im
sin θ
Ylm(θ, φ)eθ − ∂Ylm(θ, φ)
∂θ
eφ
)
,
so that
A
TE,∗
lm (x, k) = C∗l f∗l (kr)Xlm(θ, φ).
Let
P lm =
1√
l(l+ 1)
(LPlm − PlmL)
=
1√
l(l+ 1)
(
ex
2i
[√
(l −m)(l +m+ 1)Pl,m+1 +
√
(l +m)(l −m+ 1)Pl,m−1
]
− ey
2
[√
(l −m)(l +m+ 1)Pl,m+1 −
√
(l +m)(l −m+ 1)Pl,m−1
]
− imezPlm
)
.
(53)
It follows that
A
TE, reg
lm (x, k) = Cregl i−lP lmj0(kr), ATE, outlm = Coutl i−lP lmh0(kr). (54)
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In [48], it was shown that
Xlm(θk, φk) = P lme
ik·r. (55)
This implies that
A
TE, reg
lm (x, k) =
Cregl
4πil
∫ 2pi
0
dφk
∫ pi
0
dθk sin θkXlm(θk, φk)e
ik·r,
A
TM, reg
lm (x, k) =
1
k
∇×ATE, reglm (x, k) =
Cregl
4πil
∫ 2pi
0
dφk
∫ pi
0
dθk sin θk
ik
k
×Xlm(θk, φk)eik·r,
(56)
A
TE, out
lm (x, k) =
Coutl
2πil
∫ ∞
−∞
dkx
∫ ∞
−∞
dkyXlm(θk, φk)
eikxx+ikyy±i
√
k2−k2x−k
2
yz
k
√
k2 − k2x − k2y
, z ≷ 0
A
TM, out
lm (x, k) =
Coutl
2πil
∫ ∞
−∞
dkx
∫ ∞
−∞
dky
ik
k
×Xlm(θk, φk)e
ikxx+ikyy±i
√
k2−k2x−k
2
yz
k
√
k2 − k2x − k2y
, z ≷ 0.
(57)
Now consider the expansions that define the translation matrices V:
A
TE, reg
l′m′ (x− L, k) =
∞∑
l=1
l∑
m=−l
(
V TE,TElm,l′m′(−L)ATE, reglm (x, k) + V TM,TElm,l′m′ (−L)ATM, reglm (x, k)
)
,
A
TM, reg
l′m′ (x− L, k) =
∞∑
l=1
l∑
m=−l
(
V TE,TMlm,l′m′ (−L)ATE, reglm (x, k) + V TM,TMlm,l′m′ (−L)ATM, reglm (x, k)
)
.
(58)
Using the relation (9), it is easy to see that
V TE,TMlm,l′m′ = V
TM,TE
lm,l′m′ , V
TM,TM
lm,l′m′ = V
TE,TE
lm,l′m′ .
Since(
P l′′m′′ ·ATE,reglm
)
(0) =
Cregl
4πil
∫ 2pi
0
dφk
∫ pi
0
dθk sin θkXl′′,m′′(θk, φk) ·Xlm(θk, φk) = (−1)
m
4πil
δl,l′′δm′′,−mCregl ,(
P l′′m′′ ·ATM,reglm
)
(0) =
Cregl
4πil
∫ 2pi
0
dφk
∫ pi
0
dθk sin θkXl′′,m′′(θk, φk) ·
(
ik
k
×Xlm(θk, φk)
)
= 0,
(59)
applying the operator P l,−m· to both sides of (58) and setting x = 0, we find that
V TE,TElm,l′m′(−L) =
4πil
Cregl
(−1)m
(
P l,−m ·ATE,regl′m′
)
(−L)
=(−1)m
∫ 2pi
0
dφk
∫ pi
0
dθk sin θkXl,−m(θk, φk) ·Xl′m′(θk, φk)eik·L,
V TE,TMlm,l′m′ (−L) =
4πil
Cregl
(−1)m
(
P l,−m ·ATM,regl′m′
)
(−L)
=(−1)m+1
∫ 2pi
0
dφk
∫ pi
0
dθk sin θkXl,−m(θk, φk) ·
(
ik
k
×Xl′m′(θk, φk)
)
eik·L.
(60)
Here we have used the fact that(
P l,−m ·ATE,regl′m′
)
(−L) = (−1)l+l′
(
P l,−m ·ATE,regl′m′
)
(L)
and (
P l,−m ·ATM,regl′m′
)
(−L) = (−1)l+l′+1
(
P l,−m ·ATM,regl′m′
)
(L).
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In Appendix B, we verify that
Xl,−m(θk, φk) ·Xl′m′(θk, φk) =
∞∑
l′′=0
l′′∑
m′′=−l′′
l′′(l′′ + 1)− l(l+ 1)− l′(l′ + 1)
2
√
l(l + 1)l′(l′ + 1)
(−1)m′′+1
×
√
(2l + 1)(2l′ + 1)(2l′′ + 1)
4π
(
l l′ l′′
m −m′ m′′
)(
l l′ l′′
0 0 0
)
Yl′′,m′′(θk, φk),
(61)
and if L = Lez, ∫ 2pi
0
dφk
∫ pi
0
dθk sin θkXl,−m(θk, φk) ·
(
ik
k
×Xl′m′(θk, φk)
)
eik·L
=
imkL√
l(l+ 1)l′(l′ + 1)
∫ 2pi
0
dφk
∫ pi
0
dθk sin θkYl′m′(θk, φk)Yl,−m(θk, φk)e
ik·L.
(62)
Compare to the scalar case, we find that
Vlm,l′m′(−Lez, iξ) =(−1)m+1δm,m′
√
π
2κL
l+l′∑
l′′=|l−l′|
(−1)l′′
(
Λl
′′
ll′ −Λ˜ll′;m
−Λ˜ll′;m Λl′′ll′
)
H l
′′
ll′;mIl′′+ 1
2
(κL),
where
Λl
′′
ll′ =
l′′(l′′ + 1)− l(l+ 1)− l′(l′ + 1)
2
√
l(l+ 1)l′(l′ + 1)
, Λ˜ll′;m =
mκL√
l(l + 1)l′(l′ + 1)
. (63)
In the same way, we find that
Ulm,l′m′(−Lez, iξ) = (−1)l
′+m+1δm,m′
√
π
2κL
l+l′∑
l′′=|l−l′|
(
Λl
′′
ll′ −Λ˜ll′;m
−Λ˜ll′;m Λl′′ll′
)
H l
′′
ll′;mKl′′+ 1
2
(κL),
Ul′m′,lm(Lez, iξ) = (−1)l
′+m+1δm,m′
√
π
2κL
l+l′∑
l′′=|l−l′|
(
Λl
′′
ll′ Λ˜ll′;m
Λ˜ll′;m Λ
l′′
ll′
)
H l
′′
ll′;mKl′′+ 1
2
(κL),
Wl′m′,lm(Lez, iξ) =(−1)m+1δm,m′
√
π
2κL
l+l′∑
l′′=|l−l′|
(−1)l′′
(
Λl
′′
ll′ Λ˜ll′;m
Λ˜ll′;m Λ
l′′
ll′
)
H l
′′
ll′;mIl′′+ 1
2
(κL).
Gathering the results, we find that for electromagnetic interaction between two spheres, the Casimir interaction
energy is given by
ECas =
~
2π
∫ ∞
0
dξTr ln (1−M(iξ)) ,
where the trace Tr is
Tr =
∞∑
m=−∞
∞∑
l=max{1,|m|}
tr, (64)
and the trace tr is a trace over 2 × 2 matrices. M is a matrix diagonal in m. When the two spheres are outside each
other,
Mlm,l′m′(iξ) =δm,m′T
lm
1
∞∑
l˜=max{1,|m|}
√
π
2κL
l+l˜∑
l′′=|l−l˜|
(
Λl
′′
ll˜
−Λ˜ll˜;m
−Λ˜ll˜;m Λl
′′
ll˜
)
H l
′′
ll˜;m
Kl′′+ 1
2
(κL)
× Tl˜m2
√
π
2κL
l′+l˜∑
l˜′′=|l′−l˜|
(
Λl˜
′′
l′ l˜
Λ˜l′ l˜;m
Λ˜l′ l˜;m Λ
l˜′′
l′ l˜
)
H l˜
′′
l′ l˜;m
Kl˜′′+ 1
2
(κL).
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When sphere 1 is inside sphere 2,
Mlm,l′m′(iξ) =δm,m′T
lm
1
∞∑
l˜=max{1,|m|}
√
π
2κL
l+l˜∑
l′′=|l−l˜|
(
Λl
′′
ll˜
−Λ˜ll˜;m
−Λ˜ll˜;m Λl
′′
ll˜
)
H l
′′
ll˜;m
Il′′+ 1
2
(κL)
× T˜l˜m2
√
π
2κL
l′+l˜∑
l˜′′=|l′−l˜|
(
Λl˜
′′
l′ l˜
Λ˜l′ l˜;m
Λ˜l′ l˜;m Λ
l˜′′
l′ l˜
)
H l˜
′′
l′ l˜;m
Il˜′′+ 1
2
(κL).
Here κ = nm(iξ)ξ/c, where nm is the refractive index of the medium between the two spheres. The matrices T
lm
1 for
sphere 1 and Tlm2 , T˜
lm
2 for sphere 2 have been derived in Section IV.
As in the scalar case, the electromagnetic Casimir interaction between two spheres has been considered in a number
of works. For two perfectly conducting spheres that are outside each other, it has been considered in [32, 34, 45, 57, 58].
For two magnetodielectric spheres that are outside each other, it has been considered in [32, 34, 58]. For two perfectly
conducting spheres, where one is inside the other, it has been considered in [57, 59, 60]. For two magnetodielectric
spheres, where one is inside the other, it has been considered in [60].
VII. CASIMIR EFFECT BETWEEN A SPHERE AND A PLANE
In this section, we consider the Casimir effect between a sphere and a plane. This scenario has been extensively
studied for its experimental value. It is more appropriately regarded as one object (the sphere) is inside the other
(the plane). Assume that the sphere is given by x2 + y2 + z2 = R2, with center at O = (0, 0, 0) and radius R; the
plane is given by −H/2 ≤ x, y ≤ H/2, z = L, with center at O′ = (0, 0, L).
Since the T, T˜ matrices for a sphere and for a plane have been considered respectively in Section IV and Section
III, let us consider now the translation matrices V and W. In the scalar case, they are defined by
ϕreg
k⊥
(x− L, k) =
∞∑
l=0
l∑
m=−l
Vlm,k⊥(−L)ϕreglm (x, k), (65)
ϕoutlm (x
′ + L, k) = H2
∫ ∞
−∞
dkx
2π
∫ ∞
−∞
dky
2π
Wk⊥,lm(L)ϕ
out
k⊥
(x′, k). (66)
For Vlm,k⊥(−L), changing z to −z in (44), and multiplying by ei
√
k2−k2
⊥
L, we find that
eikxx+ikyy−i
√
k2−k2
⊥
(z−L) = 4π
∞∑
l=0
l∑
m=−l
il(−1)l+mjl(kr)Ylm(θ, φ)Y ∗lm(θk, φk)ei
√
k2−k2
⊥
L.
Compare to (65), we have
Vlm,k⊥(−Lez) =4π(−1)mY ∗lm(θk, φk)ei
√
k2−k2
⊥
L
=4π(−1)m
√
2l+ 1
4π
(l −m)!
(l +m)!
Pml
(√
k2 − k2⊥
k
)(
kx − iky
k⊥
)m
ei
√
k2−k2
⊥
L.
For Wk⊥,lm(L), compare (66) to (43), we obtain immediately that
Wk⊥,lm(Lez) =−
π2
H2k
√
k2 − k2⊥
Ylm(θk, φk)e
i
√
k2−k2
⊥
L
=− π
2
H2k
√
k2 − k2⊥
√
2l + 1
4π
(l −m)!
(l +m)!
Pml
(√
k2 − k2⊥
k
)(
kx + iky
k⊥
)m
ei
√
k2−k2
⊥
L.
Consequently, we find that the scalar Casimir interaction energy between a sphere and a plane is
ECas =
~
2π
∫ ∞
0
dξTr ln (1−M(iξ)) ,
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where the trace is given by (52), and
Mlm,l′m′(ω) =− πT lm
∫ ∞
−∞
dkx
∫ ∞
−∞
dky
1
k
√
k2 − k2⊥
Yl,−m(θk, φk)Yl′m′(θk, φk)T˜
k⊥e2i
√
k2−k2
⊥
L
=− πδm,m′T lm
l+l′∑
l′′=|l−l′|
H l
′′
ll′;m√
4π(2l′′ + 1)
∫ ∞
−∞
dkx
∫ ∞
−∞
dky
1
k
√
k2 − k2⊥
Yl′′,0(θk, φk)T˜
k⊥e2i
√
k2−k2
⊥
L.
Here (50) and (51) have been applied. The T-matrix component T lm for the sphere has been derived in Section IV
and the T˜-matrix component T˜ k⊥ for the plane has been derived in Section III. If the plane is subjected to Dirichlet
or Neumann boundary conditions, T˜ k⊥ = 1 or −1, in this case, we obtain from (43) that
Mlm,l′m′(iξ) = ±δm,m′T lm
√
π
4κL
l+l′∑
l′′=|l−l′|
H l
′′
ll′;mKl′′+ 1
2
(2κL).
In the general case where the plane is semitransparent or is subjected to Robin boundary conditions,
Mlm,l′m′(iξ) =
π
2
δm,m′T
lm
l+l′∑
l′′=|l−l′|
H l
′′
ll′;m
∫ ∞
0
dk⊥
k⊥
κ
√
κ2 + k2⊥
Pl′′
(√
κ2 + k2⊥
κ
)
T˜ k⊥e−2
√
κ2+k2
⊥
L.
Making a change of variables
k⊥ = κ sinh θ,
we find that
Mlm,l′m′(iξ) =
π
2
δm,m′T
lm
l+l′∑
l′′=|l−l′|
H l
′′
ll′;m
∫ ∞
0
dθ sinh θPl′′ (cosh θ) T˜
k⊥e−2κL cosh θ
=
π
2
δm,m′T
lm
l+l′∑
l′′=|l−l′|
H l
′′
ll′;m
∫ ∞
1
dzPl′′ (z) T˜
k⊥e−2κLz.
For a Robin plane,
T˜ k⊥(iξ) =
u− κ cosh θ
u+ κ cosh θ
=
u− κz
u+ κz
;
whereas for a semitransparent plane,
T˜ k⊥(iξ) =
λ
λ+ 2κ cosh θ
=
λ
λ+ 2κz
.
In the formulas above, κ is related to ξ by (26).
The exact Casimir interaction between a Dirichlet sphere and a Dirichlet plane has been considered in [27, 35, 37,
61, 62]. The interaction between a Robin sphere and a Dirichlet plane has been considered in [63]. Besides these
scenarios, there are other scenarios whose exact Casimir interaction energy can be obtained from above:
• A Dirichlet/Neumann/Robin sphere in front of a Robin plane.
• A semitransparent sphere in front of a semitransparent plane.
• A Dirichlet/Neumann/Robin sphere in front of a semitransparent plane.
• A semitransparent sphere in front of a Dirichlet/Neumann/Robin plane.
Note that the formula for the Casimir interaction energy between a Robin sphere and a Robin plane is considerably
more complicated than the corresponding formula for a Robin sphere in front of a Dirichlet/Neumann plane.
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For the electromagnetic case, the translation matrices V and W are defined by
A
TE, reg
k⊥
(x− L, k) =
∞∑
l=1
l∑
m=−l
(
V TE,TElm,k⊥ (−L)A
TE, reg
lm (x, k) + V
TM,TE
lm,k⊥
(−L)ATM, reglm (x, k)
)
,
A
TM, reg
k⊥
(x− L, k) =
∞∑
l=1
l∑
m=−l
(
V TE,TMlm,k⊥ (−L)A
TE, reg
lm (x, k) + V
TM,TM
lm,k⊥
(−L)ATM, reglm (x, k)
)
,
(67)
A
TE, out
lm (x
′ + L, k) =H2
∫ ∞
−∞
dkx
2π
∫ ∞
−∞
dky
2π
(
WTE,TE
k⊥,lm
(L)ATE, out
k⊥
(x′, k) +WTM,TE
k⊥,lm
(L)ATM, out
k⊥
(x′, k)
)
,
A
TM, out
lm (x
′ + L, k) =H2
∫ ∞
−∞
dkx
2π
∫ ∞
−∞
dky
2π
(
WTE,TM
k⊥,lm
(L)ATE, out
k⊥
(x′, k) +WTM,TM
k⊥,lm
(L)ATM, out
k⊥
(x′, k)
)
.
(68)
As in Section VI, the relation (9) implies that for Z = V or W ,
ZTE,TM = ZTM,TE, ZTM,TM = ZTE,TE.
For V, (67) and (59) imply that
V TE,TElm,k⊥ (−L) =
4πil
Cregl
(−1)m
(
P l,−m ·ATE,regk⊥
)
(−L)
=4π(−1)l+mP l,−m · eikxx+ikyy−i
√
k2−k2
⊥
z
(
iky
k⊥
ex − ikx
k⊥
ey
)∣∣∣∣∣
r=−L
,
V TE,TMlm,k⊥ (−L) =
4πil
Cregl
(−1)m
(
P l,−m ·ATM,regk⊥
)
(−L)
=4π(−1)l+mP l,−m · eikxx+ikyy−i
√
k2−k2
⊥
z
(
kx
√
k2 − k2⊥
kk⊥
ex +
ky
√
k2 − k2⊥
kk⊥
ey +
k⊥
k
ez
)∣∣∣∣∣
r=−L
.
Using the fact that
iky
k⊥
ex − ikx
k⊥
ey = −ieφk ,
kx
√
k2 − k2⊥
kk⊥
ex +
ky
√
k2 − k2⊥
kk⊥
ey +
k⊥
k
ez = −eθ˜k ,
where cos θ˜k = −
√
k2 − k2⊥
k
,
and the relation (55) with kz = −
√
k2 − k2⊥, we find that
V TE,TElm,k⊥ (−Lez) =4π(−1)l+mXl,−m(θ˜k, φk) · (−ieφk) ei
√
k2−k2
⊥
L
=− 4πi√
l(l+ 1)
∂Yl,−m(θk, φk)
∂θk
ei
√
k2−k2
⊥
L,
V TE,TMlm,k⊥ (−Lez) =4π(−1)l+mXl,−m(θ˜k, φk) ·
(
−eθ˜k
)
ei
√
k2−k2
⊥
L
=
4πi√
l(l + 1)
m
sin θk
Yl,−m(θk, φk)e
i
√
k2−k2
⊥
L.
Here
cos θk =
√
k2 − k2⊥
k
,
and we have used the fact that Pml (cos θ˜k) = (−1)l+mPml (cos θk).
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For the matrix W, we obtain from (57) that
A
TE, out
lm (x
′ + L, k) =− 1
4
√
l(l+ 1)
∫ ∞
−∞
dkx
∫ ∞
−∞
dky
(
im
sin θk
Ylm(θk, φk)eθk −
∂Ylm(θk, φk)
∂θk
eφk
)
× e
ikxx
′+ikyy
′+i
√
k2−k2
⊥
(z′+L)
k
√
k2 − k2⊥
.
(69)
Since
eθk =−
(
−kx
√
k2 − k2⊥
kk⊥
ex − ky
√
k2 − k2⊥
kk⊥
ey +
k⊥
k
ez
)
,
eφk =i
(
iky
k⊥
ex − ikx
k⊥
ey
)
,
compare to (68), it follows immediately that
WTE,TE
k⊥,lm
(Lez) =
i
H2
√
l(l + 1)
π2
k
√
k2 − k2⊥
∂Ylm(θk, φk)
∂θk
ei
√
k2−k2
⊥
L,
WTM,TE
k⊥,lm
(Lez) =
i
H2
√
l(l + 1)
π2
k
√
k2 − k2⊥
m
sin θk
Ylm(θk, φk)e
i
√
k2−k2
⊥
L.
Hence, the electromagnetic Casimir interaction energy between a sphere and a plane is
ECas =
~
2π
∫ ∞
0
dξTr ln (1−M(iξ)) ,
where the trace Tr is given by (64), and
Mlm,l′m′(ω) =
π√
l(l+ 1)l′(l′ + 1)
T
lm
∫ ∞
−∞
dkx
∫ ∞
−∞
dky
1
k
√
k2 − k2⊥

∂Yl,−m(θk, φk)
∂θk
− m
sin θk
Yl,−m(θk, φk)
− m
sin θk
Yl,−m(θk, φk)
∂Yl,−m(θk, φk)
∂θk

× T˜k⊥

∂Yl′m′(θk, φk)
∂θk
m′
sin θk
Yl′m′(θk, φk)
m′
sin θk
Yl′m′(θk, φk)
∂Yl′m′(θk, φk)
∂θk
 e2i√k2−k2⊥L.
Here k = nmω/c, where nm is the refractive index of the medium between the sphere and the plane. The T-matrix
component Tlm for the sphere has been derived in Section IV and the T˜-matrix component T˜k⊥ for the plane has
been derived in Section III. If the plane is perfectly conducting, we take εe →∞ in (31), which gives
T˜
k⊥ =
(
1 0
0 −1
)
.
Then
Mlm,l′m′(ω) = πT
lm
∫ ∞
−∞
dkx
∫ ∞
−∞
dky
1
k
√
k2 − k2⊥
(
Λ1 Λ2
−Λ2 −Λ1
)
e2i
√
k2−k2
⊥
L,
where
Λ1 =
1√
l(l + 1)l′(l′ + 1)
(
mm′
sin2 θk
Yl,−m(θk, φk)Yl′m′(θk, φk) +
∂Yl,−m(θk, φk)
∂θk
∂Yl′m′(θk, φk)
∂θk
)
=Xl,−m(θk, φk) ·Xl′m′(θk, φk),
Λ2 =
1√
l(l + 1)l′(l′ + 1)
(
m
sin θk
Yl,−m(θk, φk)
∂Yl′m′(θk, φk)
∂θk
+
m′
sin θk
Yl′m′(θk, φk)
∂Yl,−m(θk, φk)
∂θk
)
=Xl,−m(θk, φk) ·
(
ik
k
×Xl′m′(θk, φk)
)
.
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Compare to the translation matrix Ulm,l′m′(−L) for the case of two spheres, we deduce that when the plane is perfectly
conducting,
Mlm,l′m′(iξ) = δm,m′T
lm
√
π
4κL
l+l′∑
l′′=|l−l′|
(
Λl
′′
ll′ Λˆll′;m
−Λˆll′;m −Λl′′ll′
)
H l
′′
ll′ ;mKl′′+ 1
2
(2κL),
where Λl
′′
ll′ is given by (63), and
Λˆll′;m =
2mκL√
l(l + 1)l′(l′ + 1)
.
Here κ = κm = nm(iξ)ξ/c. In the general case,Mlm,l′m′(ω) is nonzero only ifm = m
′. Passing to imaginary frequency
and making the change of variables k⊥ = κ sinh θ, we have
Mlm,l′m′(iξ) =δm,m′
(−1)mπ
2
√
(2l+ 1)(2l′ + 1)
l(l + 1)l′(l′ + 1)
(l −m)!(l′ −m)!
(l +m)!(l′ +m)!
T
lm
∫ ∞
0
dθ sinh θe−2κmL cosh θ
×
 sinh θPm′l (cosh θ) − msinh θPml (cosh θ)
− m
sinh θ
Pml (cosh θ) sinh θP
m′
l (cosh θ)
 T˜k⊥
 sinh θPm
′′
l′ (cosh θ)
m′
sinh θ
Pm
′
l′ (cosh θ)
m′
sinh θ
Pm
′
l′ (cosh θ) sinh θP
m′′
l′ (cosh θ)
 .
The matrix T˜k⊥ is a diagonal matrix. If z > L is a dielectric half-space with permittivity εe and permeability µe,
T˜TE
k⊥
=
µm
√
n2e
n2m
+ sinh2 θ − µe cosh θ
µm
√
n2e
n2m
+ sinh2 θ + µe cosh θ
,
T˜TM
k⊥
=
εm
√
n2e
n2m
+ sinh2 θ − εe cosh θ
εm
√
n2e
n2m
+ sinh2 θ + εe cosh θ
.
(70)
The exact electromagnetic Casimir interaction between a sphere and a plane has been considered in a number of
works. For perfectly conducting sphere in front of a perfectly conducting plane, it has been considered in [35, 62–65].
For a dielectric sphere in front of a perfectly conducting plane, it has been considered in [35]. For a magnetodielectric
sphere in front of a magnetodielectric half-space, it has been discussed in [36, 66, 67].
VIII. CASIMIR EFFECT BETWEEN TWO PARALLEL CYLINDERS
In this section, we derive the TGTG formula for the Casimir interaction between two parallel cylinders of length
H . Assume that the radius of the cylinders are R1 and R2 respectively, and the centers are at O = (0, 0, 0) and
O′ = (L, 0, 0) respectively. The symmetric axes of the cylinders are parallel to the z-axis.
The T and T˜ matrices of a cylinder have been derived in Section V. Now we consider the translation matrices
between the cylinders. These have been derived using different approaches, and they are essentially the addition
formula for Bessel functions. Here we mimic the approach for spheres. For our application, we only consider a
translation by a vector L that is perpendicular to the z-axis. It is obvious that all the translation matrices should
then be diagonal in kz .
Consider the well-known formula:
eikxx+ikyy =
∞∑
n=−∞
inJn(k⊥ρ)e
inφe−inφk ,
where
x = ρ cosφ, y = ρ sinφ,
kx = k⊥ cosφk, ky = k⊥ sinφk.
28
From this formula, we can deduce that
ϕregnkz (x, k) = Cregn Jn(k⊥ρ)einφeikzz =
Cregn
2πin
∫ 2pi
0
dφke
inφkeik⊥·ρ+ikzz.
Here k⊥ = kxex + kyey, ρ = xex + yey and k⊥ =
√
k2 − k2z =
√
k2x + k
2
y.
Define the operator Qn by
Qn =
(
∂x + i∂y
ik⊥
)n
,
Q−n =
(
∂x − i∂y
ik⊥
)n
,
where n ≥ 0. It is obvious that for all n,
Qneik⊥·ρ = einφkeik⊥·ρ.
Hence,
ϕregnkz (x, k) =
Cregn
2πin
Qn
∫ 2pi
0
dφke
ik⊥·ρ+ikzz = Cregn i−nQnJ0(k⊥ρ)eikzz. (71)
This identity can also be proved by induction. In fact, using induction, one can also prove that
i−nQnH(1)0 (k⊥ρ) = H(1)n (k⊥ρ)einφk .
On the other hand, one can show that
H
(1)
0 (k⊥ρ) =
1
π
∫ ∞
−∞
dky
e±i
√
k2
⊥
−k2yx+ikyy√
k2⊥ − k2y
, x ≷ 0. (72)
Hence,
ϕoutnkz (x, k) =
Coutn
πin
∫ ∞
−∞
dkye
inφk
e±i
√
k2
⊥
−k2yx+ikyy+ikzz√
k2⊥ − k2y
, x ≷ 0. (73)
Now consider the expansions that define the translation matrices:
ϕregn′kz (x− L, k) =
∞∑
n=−∞
Vn,n′(−L)ϕregnkz (x, k), (74)
ϕoutn′kz (x− L, k) =
∞∑
n=−∞
Un,n′(−L)ϕregnkz (x, k), (75)
ϕoutnkz (x
′ + L, k) =
∞∑
n′=−∞
Un′,n(L)ϕ
reg
n′kz
(x′, k), (76)
ϕoutnkz (x
′ + L, k) =
∞∑
n′=−∞
Wn′,n(L)ϕ
out
n′kz
(x′, k), (77)
with translation vector L = Lxex + Lyey. Since(Qn′′ϕregnkz) (0) = Cregn2πin
∫ 2pi
0
dφke
in′′φkeinφk = Cregn i−nδn′′,−n, (78)
applying the operator Q−n to both sides of (74), we find that
Vn,n′(−L) = i
n
Cregn
(Q−nϕregn′kz) (−L)
=
1
2π
∫ 2pi
0
dφke
i(n′−n)φkeik·L
=(−1)n′−nϕregn′−n,kz(L, k).
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Here we have used the fact that
(Q−nϕregn′kz) (−L) = (−1)n+n′ (Q−nϕregn′kz) (L). Specialize to L = Lex and passing to
imaginary frequency, we find that
Vn,n′(−Lex, iξ) = (−1)n
′−nIn−n′ (γL),
where
γ =
√
κ2 + k2z ,
and k = iκ. In the same way, we deduce from (78), (75) and (76) that
Un,n′(−Lex, iξ) =(−1)n
′
Kn−n′(γL),
Un′,n(Lex, iξ) =(−1)n
′
Kn−n′(γL).
In fact, for the latter, we have
ϕoutnkz (x
′ + L, k) =
∞∑
n′=−∞
(−1)n′ϕoutn−n′,kz(L, k)ϕregn′kz(x′, k).
Interchanging x′ and L gives
ϕoutnkz (x
′ + L, k) =
∞∑
n′=−∞
(−1)n′ϕoutn−n′,kz(x′, k)ϕregn′kz (L, k)
=
∞∑
n′=−∞
(−1)n−n′ϕregn−n′,kz(L, k)ϕoutn′kz(x′, k).
Compare to (77), we obtain
Wn′,n(Lex, iξ) = (−1)n−n
′
ϕregn−n′(Lex, iκ) = (−1)n−n
′
In−n′(γL).
Consequently, for a scalar interaction between two cylinders, the Casimir interaction is given by
ECas =
~H
2π
∫ ∞
0
dξ
∫ ∞
−∞
dkz
2π
Tr ln (1−M(iξ)) , (79)
where the trace Tr is
Tr =
∞∑
n=−∞
. (80)
We have used the fact that the T, T˜ and the translation matrices are diagonal in kz to take out the trace over kz.
When the two cylinders are outside each other,
Mn,n′(iξ) =T
nkz
1
∞∑
n˜=−∞
Kn˜−n(γL)T
n˜,kz
2 Kn˜−n′(γL). (81)
When cylinder 1 is inside cylinder 2,
Mn,n′(iξ) =T
nkz
1
∞∑
n˜=−∞
In˜−n(γL)T˜
n˜,kz
2 In˜−n′(γL). (82)
Here the cyclic property of the trace has been used to get rid of the sign factor (−1)n−n′ ; γ = √κ2 + k2z and κ is
related to ξ by (26). T n1 is a component of the T-matrix for cylinder 1. T
n
2 and T˜
n
2 are components of the T and T˜
matrices for cylinder 2. They have been derived under various boundary conditions in Section V.
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Next, we consider the electromagnetic case. Notice that
A
TE,∗
nkz
(x, k) =C∗n
(
in
k⊥ρ
f∗n(k⊥ρ)eρ − f∗′n (k⊥ρ)eφ
)
einφ+ikzz
=C∗n
(
iex
2
(
f∗n+1(k⊥ρ)e
i(n+1)φk + f∗n−1(k⊥ρ)e
i(n−1)φk
)
+
ey
2
(
f∗n+1(k⊥ρ)e
i(n+1)φk − f∗n−1(k⊥ρ)ei(n−1)φk
))
eikzz,
where ∗ = reg or out, f regn (z) = Jn(z) and foutn (z) = H(1)n (z). Define
Qn =
ex
2
(Qn+1 −Qn−1) + ey
2i
(Qn+1 +Qn−1) .
Then
A
TE,∗
nkz
(x, k) = i−nC∗nQnf∗0 (k⊥ρ)eikzz.
Since
Qne
ik⊥·ρ =
[
ex
2
(
ei(n+1)φk − ei(n−1)φk
)
+
ey
2i
(
ei(n+1)φk + ei(n−1)φk
)]
eik⊥·ρ
=(i sinφkex − i cosφkey) einφkeik⊥·ρ,
we have
A
TE, reg
nkz
(x, k) =Cregn i−nQnJ0(k⊥ρ)eikzz
=
Cregn
2πin
Qn
∫ 2pi
0
dφke
ik⊥·ρ+ikzz
=
Cregn
2πin
∫ 2pi
0
dφk (i sinφkex − i cosφkey) einφkeik⊥·ρ+ikzz,
A
TM, reg
nkz
(x, k) =
1
k
∇×ATE, regnkz (x, k)
=
Cregn
2πin
∫ 2pi
0
dφk
ik
k
× (i sinφkex − i cosφkey) einφkeik⊥·ρ+ikzz
=
Cregn
2πin
∫ 2pi
0
dφk
(
−kz cosφk
k
ex − kz sinφk
k
ey +
k⊥
k
ez
)
einφkeik⊥·ρ+ikzz .
(83)
Similarly,
A
TE, out
nkz
(x, k) =
Coutn
πin
∫ ∞
−∞
dky (i sinφkex − i cosφkey) einφk e
±i
√
k2
⊥
−k2yx+ikyy+ikzz√
k2⊥ − k2y
, x ≷ 0
A
TM, out
nkz
(x, k) =
Coutn
πin
∫ ∞
−∞
dky
(
−kz cosφk
k
ex − kz sinφk
k
ey +
k⊥
k
ez
)
einφk
e±i
√
k2
⊥
−k2yx+ikyy+ikzz√
k2⊥ − k2y
, x ≷ 0.
(84)
Consider the expansion that defines the translation matrix V:
A
TE,reg
n′kz
(x− L, k) =
∞∑
n=−∞
V TE,TEn,n′ (−L)ATE,regnkz (x, k) + V
TM,TE
n,n′ (−L)ATM,regnkz (x, k),
A
TM,reg
n′kz
(x− L, k) =
∞∑
n=−∞
V TE,TMn,n′ (−L)ATE,regnkz (x, k) + V
TM,TM
n,n′ (−L)ATM,regnkz (x, k).
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It follows from (9) that V TM,TEn,n′ = V
TE,TM
n,n′ and V
TM,TM
n,n′ = V
TE,TE
n,n′ . Now, since(
Qn′′ ·ATE,regnkz
)
(0) =
Cregn
2πin
∫ 2pi
0
dφk (i sinφkex − i cosφkey) · (i sinφkex − i cosφkey) ei(n
′′+n)φk
=− Cregn i−nδn′′,−n,(
Qn′′ ·ATM,regnkz
)
(0) =
Cregn
2πin
∫ 2pi
0
dφk (i sinφkex − i cosφkey) ·
(
−kz cosφk
k
ex − kz sinφk
k
ey +
k⊥
k
ez
)
ei(n
′′+n)φk = 0,
(85)
we find that
V TE,TEn,n′ (−Lex, iξ) =−
in
Cregn
(
Q−n ·ATE,regn′kz
)
(−Lex) = (−1)n
′−nIn′−n(κ⊥L),
V TE,TMn,n′ (−Lex, iξ) =−
in
Cregn
(
Q−n ·ATM,regn′kz
)
(−Lex) = 0.
Hence,
Vn,n′(−Lex) =Vn,n′(−Lex)I,
where I is the 2× 2 identity matrix. In the same way, we find that
Un,n′(−Lex) =Un,n′(−Lex)I,
Un′,n(Lex) =Un′,n(Lex)I,
Wn′,n(Lex) =Wn′,n(Lex)I.
Consequently, the electromagnetic Casimir interaction energy is similar to the scalar case given by (79), (81) and (82),
except that we have to replace T nkz1 , T
nkz
2 and T˜
nkz
2 by 2× 2 matrices Tnkz1 ,Tnkz2 and T˜nkz2 derived in Section V, and
γ is replaced by γm =
√
κ2m + k
2
z , with κm = nm(iξ)ξ/c. nm is the refractive index of the medium between the two
cylinders.
The exact Casimir interaction energy between two eccentric Dirichlet/Neumann/perfectly conducting cylinders have
been derived in [41–43] using the mode summation approach and in [36] using the multiple scattering approach. For
two Dirichlet/Neumann/perfectly conducting cylinders that are outside each other, the Casimir interaction energy
has been considered in [7, 31, 36, 68, 69]. For two magnetodielectric cylinders, the Casimir interaction has been
considered in [70]. For two semitransparent cylinders that are outside each other, the Casimir interaction energy has
been derived in [46, 47]. In addition to these scenarios, the results in this section also provide the exact formula for
the Casimir interaction energy in the following scenarios:
• Two Robin cylinders that are outside each other, or one is inside the other.
• One Dirichlet/Neumann/Robin cylinder and one semi-transparent cylinder that are outside each other, or one
is inside the other.
IX. CASIMIR EFFECT OF A CYLINDER PARALLEL TO A PLANE
In this section, we consider the Casimir interaction between a cylinder and a plane that are parallel to each
other. Assume that the cylinder is represented by x2 + y2 = R2, −H/2 ≤ z ≤ H/2, and the plane is represented
by x = L,−H/2 ≤ y, z ≤ H/2. The center of the cylinder is at O = (0, 0, 0) and the center of the plane is at
O′ = (L, 0, 0).
In this case, we have to choose a different basis for plane waves. Choosing ex as the distinct direction, plane wave
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basis are parametrized by (ky, kz) ∈ R2, with
ϕ
reg
out
kykz
(x, k) =e∓i
√
k2
⊥
−k2yx+ikyy+ikzz ,
A
TE,
reg
out
kykz
(x, k) =
1√
k2y + k
2
z
∇× ϕ
reg
out
kykz
(x, k)ex
=
1√
k2y + k
2
z
e∓i
√
k2
⊥
−k2yx+ikyy+ikzz (ikzey − ikyez) ,
A
TM,
reg
out
kykz
(x, k) =
1
k
√
k2y + k
2
z
∇×∇× ϕ
reg
out
kykz
(x, k)ex
=
1
k
√
k2y + k
2
z
e∓i
√
k2
⊥
−k2yx+ikyy+ikzz
(
(k2y + k
2
z)ex ± ky
√
k2⊥ − k2yey ± kz
√
k2⊥ − k2yez
)
.
Here k⊥ =
√
k2 − k2z .
Since the T-matrix for a cylinder and the T˜-matrix for a plane have been considered respectively in Section V and
Section III, let us now consider the translation matrices V and W. For our application, we only consider a translation
by a vector L that is perpendicular to the z-axis. It is obvious that the translation matrices are diagonal in kz. In
the scalar case, they are defined by
ϕregkykz (x− L, k) =
∞∑
n=−∞
Vn,ky (−L)ϕregnkz (x, k), (86)
ϕoutnkz (x
′ + L, k) = H
∫ ∞
−∞
dky
2π
Wky ,n(L)ϕ
out
kykz
(x′, k). (87)
Using (78), we find that
Vn,ky (−L) =
in
Cregn
(
Q−nϕregkykz
)
(−L)
=(−1)ne−inφ˜ke−i
√
k2
⊥
−k2yx+ikyy+ikzz
∣∣∣
r=−L
,
where
cos φ˜k = −
√
k2⊥ − k2y
k⊥
, sin φ˜k =
ky
k
.
Hence,
Vn,ky (−Lex, iξ) =

√
γ2 + k2y + ky
γ
n e−√γ2+k2yL,
where γ =
√
κ2 + k2z .
For W, compare (73) to (87), we find immediately that
Wky,n(L) =
πi
H
√
k2⊥ − k2y
einφkei
√
k2
⊥
−k2yL,
where
cosφk =
√
k2⊥ − k2y
k⊥
, sinφk =
ky
k
.
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Hence,
Wky ,n(Lex, iξ) =
π
H
√
γ2 + k2y

√
γ2 + k2y + ky
γ
n e−√γ2+k2yL.
Hence, for a scalar interaction between a cylinder and a plane, the Casimir interaction energy is given by
ECas =
~H
2π
∫ ∞
0
dξ
∫ ∞
−∞
dkz
2π
Tr ln (1−M(iξ)) , (88)
where the trace Tr is given by (80). We have used the fact that the T, T˜ and the translation matrices are diagonal in
kz to take out the trace over kz. The matrix M is given by
Mn,n′(ω) = T
nkz
∫ ∞
−∞
dky
2π
einφk T˜ kykz
πi√
k2⊥ − k2y
ein
′φke2i
√
k2
⊥
−k2yL,
where T nkz is a component of the T-matrix of the cylinder derived in Section V, and T˜ kykz is a component of the
T˜-matrix of the plane derived in Section III, with k⊥ replaced by
√
k2y + k
2
z . When the plane is subjected to Dirichlet
or Neumann boundary conditions, T˜ kykz = 1 or −1. Then
Mn,n′(ω) =± T nkz
∫ ∞
−∞
dky
2π
einφk
πi√
k2⊥ − k2y
ein
′φke2i
√
k2
⊥
−k2yL
=± T nkzϕoutn+n′,kz(2Lex).
In imaginary frequency,
Mn,n′(Lex, iξ) = ±T nkzKn+n′(2γL).
If general Robin boundary condition is imposed on the plane or the plane is semitransparent, we have
Mn,n′(iξ) =
1
2
T nkz
∫ ∞
−∞
dky√
γ2 + k2y
T˜ kykz

√
γ2 + k2y + ky
γ
n+n
′
e−2
√
γ2+k2yL.
Let
ky = γ sinh θ.
Then
Mn,n′(iξ) =
1
2
T nkz
∫ ∞
−∞
dθT˜ kykze(n+n
′)θe−2γL cosh θ. (89)
For a Robin plane,
T˜ kykz =
u− γ cosh θ
u+ γ cosh θ
.
For a semitransparent plane,
T˜ kykz =
λ
λ+ 2γ cosh θ
.
In the formulas above, γ =
√
κ2 + k2z , and κ is related to ξ by (26).
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Next we turn to the electromagnetic case. As in the scalar case, the translation matrices are diagonal in kz . They
are defined by
A
TE, reg
kykz
(x − L, k) =
∞∑
n=−∞
(
V TE,TEn,ky (−L)A
TE, reg
nkz
(x, k) + V TM,TEn,ky (−L)A
TM, reg
nkz
(x, k)
)
,
A
TM, reg
kykz
(x − L, k) =
∞∑
n=−∞
(
V TE,TMn,ky (−L)A
TE, reg
nkz
(x, k) + V TM,TMn,ky (−L)A
TM, reg
nkz
(x, k)
)
,
(90)
A
TE, out
nkz
(x′ + L, k) =H
∫ ∞
−∞
dky
2π
(
WTE,TEky ,n (L)A
TE, out
kykz
(x′, k) +WTM,TEky ,n (L)A
TM, out
kykz
(x′, k)
)
,
A
TM, out
nkz
(x′ + L, k) =H
∫ ∞
−∞
dky
2π
(
WTE,TMky ,n (L)A
TE, out
kykz
(x′, k) +WTM,TMky ,n (L)A
TM, out
kykz
(x′, k)
)
.
(91)
The relation (9) implies that for Z = V or W ,
ZTE,TM = ZTM,TE, ZTM,TM = ZTE,TE.
For V, using (85), we find that
V TE,TEn,ky (−Lex)
=− i
n
Cregn
(
Q−n ·ATE,regkykz
)
(−Lex),
=(−1)n+1Q−n · 1√
k2y + k
2
z
e−i
√
k2
⊥
−k2yx+ikyy+ikzz (ikzey − ikyez)
∣∣∣∣∣
r=−Lex
,
=(−1)n+1e−inφ˜k 1√
k2y + k
2
z
(
i sin φ˜kex − i cos φ˜key
)
· (ikzey − ikyez) ei
√
k2
⊥
−k2yL,
=(−1)n+1e−inφ˜k kz cos φ˜k√
k2y + k
2
z
ei
√
k2
⊥
−k2yL,
V TE,TMn,ky (−Lex, iξ)
=− i
n
Cregn
(
Q−n ·ATM,regkykz
)
(−Lex)
=(−1)n+1Q−n · 1
k
√
k2y + k
2
z
e−i
√
k2
⊥
−k2yx+ikyy+ikzz
(
(k2y + k
2
z)ex + ky
√
k2⊥ − k2yey + kz
√
k2⊥ − k2yez
)∣∣∣∣∣
r=−Lex
=(−1)n+1e−inφ˜k · 1
k
√
k2y + k
2
z
(
i sin φ˜kex − i cos φ˜key
)
·
(
(k2y + k
2
z)ex + ky
√
k2⊥ − k2yey + kz
√
k2⊥ − k2yez
)
ei
√
k2
⊥
−k2yL
=(−1)n+1e−inφ˜k ikky
k⊥
√
k2y + k
2
z
ei
√
k2
⊥
−k2yL.
In imaginary frequency,
V TE,TEn,ky (−Lex, iξ) =
kz√
k2y + k
2
z
√
γ2 + k2y
γ

√
γ2 + k2y + ky
γ
n e−√γ2+k2yL,
V TE,TMn,ky (−Lex, iξ) =−
ky√
k2y + k
2
z
iκ
γ

√
γ2 + k2y + ky
γ
n e−√γ2+k2yL.
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For W, since
i sinφkex − i cosφkey
=
iky
k⊥
ex −
i
√
k2⊥ − k2y
k⊥
ey
=
ikyk
k⊥
√
k2y + k
2
z

√
k2y + k
2
z
k
ex −
ky
√
k2⊥ − k2y
k
√
k2y + k
2
z
ey −
kz
√
k2⊥ − k2y
k
√
k2y + k
2
z
ez
− kz
√
k2⊥ − k2y
k⊥
√
k2y + k
2
z
 ikz√
k2y + k
2
z
ey − iky√
k2y + k
2
z
ez
 ,
Compare (84) to (91), we find that
WTE,TEky,n (Lex, iξ) =−
π
H
√
γ2 + k2y
kz√
k2y + k
2
z
√
γ2 + k2y
γ

√
γ2 + k2y + ky
γ
n e−√γ2+k2yL,
WTM,TEky ,n (Lex, iξ) =
π
H
√
γ2 + k2y
ky√
k2y + k
2
z
iκ
γ

√
γ2 + k2y + ky
γ
n e−√γ2+k2yL.
Hence, for an electromagnetic Casimir interaction between a cylinder and a plane, the Casimir interaction energy is
given by (88), where
Mn,n′(iξ) =− 1
2
T
nkz
∫ ∞
−∞
dky√
γ2m + k
2
y
1
γ2m(k
2
y + k
2
z)
kz√γ2m + k2y −iκmky
−iκmky kz
√
γ2m + k
2
y
Tkykz
kz√γ2m + k2y −iκmky
−iκmky kz
√
γ2m + k
2
y

×

√
γ2m + k
2
y + ky
γ
n+n
′
e−2
√
γ2m+k
2
yL.
Here κm = nm(iξ)ξ/c, γm =
√
κ2m + k
2
z and nm is the refractive index of the medium between the cylinder and the
plane. Making a change of variables ky = γm sinh θ, we find that
Mn,n′(iξ) =− 1
2
T
nkz
∫ ∞
−∞
dθ
1
κ2m sinh
2 θ + k2z cosh
2 θ
(
kz cosh θ −iκm sinh θ
−iκm sinh θ kz cosh θ
)
T
kykz
(
kz cosh θ −iκm sinh θ
−iκm sinh θ kz cosh θ
)
× e(n+n′)θe−2γmL cosh θ.
If the plane is perfectly conducting,
T˜
kykz =
(
1 0
0 −1
)
.
In this case,
Mn,n′(iξ) =− 1
2
T
nkz
(
1 0
0 −1
)∫ ∞
0
dθ cosh ([n+ n′]θ) e−2γmL cosh θ
=− 1
2
T
nkz
(
1 0
0 −1
)
Kn+n′(2γmL).
In general, T˜k⊥ is a diagonal matrix. If x > L is dielectric with permittivity εe and permeability µe, then
T˜TEkykz (iξ) =
µm
√
γ2e + γ
2
m sinh
2 θ − µeγm cosh θ
µm
√
γ2e + γ
2
m sinh
2 θ + µeγm cosh θ
,
T˜TMkykz (iξ) =
εm
√
γ2e + γ
2
m sinh
2 θ − εeγm cosh θ
εm
√
γ2e + γ
2
m sinh
2 θ + εeγm cosh θ
,
(92)
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where γe =
√
κ2e + k
2
z , κe = ne(iξ)ξ/c.
The exact Casimir interaction energy for the cylinder-plane configuration has been considered in a number of
works. For scalar interaction with Dirichlet or Neumann boundary conditions, or electromagnetic interaction with
perfectly conducting boundary conditions, it has been considered in [30, 31, 36, 37, 41–43, 71]. The case where a
magnetodielectric cylinder is in front of a magnetodielectric half-space was briefly discussed in [36]. In [38], the Casimir
interaction between a cylindrical plasma sheet and a dielectric half-space or a planar plasma sheet were treated as
a scalar problem. It is interesting to note that the formula (89) for the scalar interaction between a cylinder and a
plane is very similar to the formula obtained in [38].
In this section, we have also obtained the exact formula for the Casimir interaction energy for:
• A Robin cylinder in front of a Robin plane.
• A semitransparent cylinder in front of a semitransparent plane.
• A Robin cylinder in front of a semitransparent plane.
• A semitransparent cylinder in front of a Robin plane.
X. CONCLUSIONS
We have reported on the derivation of the Casimir interaction energy between two objects from the point of view
of mode summation approach, for both scalar interactions and electromagnetic interactions. We consider the case
where the two objects are exterior to each other, and the case where one object is inside the other. A closer scrutiny
reveals that this approach actually has some flavor of the multiple scattering approach of [32, 33, 36]. The advantage
over the multiple scattering approach is that we do not have to rely on the path integral quantization nor the Green’s
functions. In some sense, this provides a simpler prescription to obtain the Casimir interaction energy, and it is easier
to generalize to other fields such as spinor fields and massive vector fields.
In practice, all the difficulties in writing down the Casimir interaction energy lie in the computation of the T, T˜ and
the translation matrices, and the latter is usually more difficult. In the mode summation approach, one need to have
a coordinate system for each of the objects where the wave equations are separable. In this paper, we consider planes,
spheres and cylinders where the corresponding coordinate systems are readily available. After choosing a convenient
basis, it is straightforward to compute the T and T˜ matrices of an object by matching the boundary conditions. To
compute the translation matrices, additional tools are needed, for which we have chosen the operator approach of
[48].
We discuss some situations that are of interest, such as a scalar field with Dirichlet, Neumann or Robin boundary
conditions, or with a Dirac delta potential supported on the boundary of an object, and an electromagnetic field
propagating in the presence of magnetodielectric object. This is not meant to be exhaustive but they are boundary
conditions that have been explored so far. It is obvious that the mode summation approach can be straightforwardly
generalized to other boundary conditions, which are only going to affect the T and T˜ matrices of an object.
In this paper, we have dealt exclusively with the zero temperature Casimir energy. Nevertheless, as mentioned at
the end of Section II, the extension to finite temperature is straightforward by using the Matsubara formalism. We
only have to replace the formula (15) for zero temperature Casimir energy by the formula (23) for finite temperature
Casimir free energy.
The results reported here do not only contain the known results about the sphere-sphere, cylinder-cylinder, sphere-
plane and cylinder-plane configurations, but actually more. In particular, we have included results on scalar interaction
between a Dirichlet/Neumann/Robin object and a semi-transparent object. The new results have been listed in each
corresponding section.
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Appendix A: Casimir interaction between multiple objects
In this section, we explain how the mode summation approach in Section II can be generalized to N objects, where
N ≥ 3. Let the N objects be labeled as O1, O2, . . . , ON . As in Section II, we consider the following two cases
separately:
Case A The N objects are outside each other.
Case B The objects O1, O2, . . . , ON−1 are outside each other, but they are all inside the object ON .
Besides these two scenarios, there are other scenarios, such as object O1 is inside object O2, object O2 is inside
object O3, and so on. The treatment of these scenarios are conceptually the same but technically more complicated.
Therefore we only restrict ourselves here to the Case A and Case B mentioned above. For simplicity, we discuss only
scalar fields.
Let Oi be the coordinate origin of an appropriate coordinate system for object Oi, and let xi be the position vector
of a point with respect to Oi. If Lij is the vector from Oi to Oj , then xi = xj + Lij . Obviously, Lji = −Lij . All the
other notations are the same as in Section II.
1. Case A
The scalar field is represented by
ϕ =
∫ ∞
−∞
dω
∑
αi
Aαii ϕ
reg
αi
(xi, ω)e
−iωt (A1)
inside object Oi. In the region outside all the objects and close to object Oi,
ϕ =
∫ ∞
−∞
dω
∑
αi
(
aαii ϕ
reg
αi
(xi, ω) + b
αi
i ϕ
out
αi
(xi, ω)
)
e−iωt. (A2)
As in Section II, the boundary conditions on the boundary of Oi give rise to two equations between A
αi
i , a
αi
i and b
αi
i .
Eliminating Aαii gives a relation between a
αi
i and b
αi
i :
bαii = −Tαii aαii , (A3)
which defines Tαii . On the other hand, the outgoing waves ϕ
out
αi
outside object Oi will propagate to other objects. In
a vicinity of object Oj, where j 6= i, it contributes to ϕregαj via the translation relation:
ϕoutαi (xi, ω) =
∑
αj
Uαj ,αi(Lij)ϕ
reg
αj
(xj , ω). (A4)
In fact, ϕregαi is a superposition of the waves propagated from the outgoing waves close to other objects. Hence,
aαii =
N∑
j=1
∑
αi
Uαi,αj (Lji)b
αj
j . (A5)
We are using the convention that Uαi,αi(Lii) = 0. Let a and b be respectively the column matrices
a =

a1
a2
...
aN
 , b =

b1
b2
...
bN
 ,
where ai is the infinite column vector with components a
αi
i , and bi is the infinite column vector with components b
αi
i .
Let T and U be respectively the matrices given by
T =

T1 0 . . . 0
0 T2 . . . 0
...
...
. . .
...
0 0 . . . TN
 , U =

0 U12 . . . U1N
U21 0 . . . U2N
...
...
. . .
...
UN1 UN2 . . . 0
 ,
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where Ti is an infinite diagonal matrix with (αi, αi)-element given by T
αi
i , and Uij is an infinite matrix with (αi, αj)
given by Uαi,αj (Lji). (A3) and (A5) imply that
b = −Ta = −TUb.
As in Section II, this implies that the Casimir interaction energy is given by (15), with
M = −TU.
In particular, when N = 2,
M =
(
0 −T1U12
−T2U21 0
)
.
Hence,
det (I−M) = det
(
I −T1U12
−T2U21 I
)
= det (I− T1U12T2U21) ,
which recovers the result of Section II.
2. Case B
Inside the object Oi, 1 ≤ i ≤ N − 1, the scalar field is still represented by (A1). Outside the object ON , the scalar
field is represented as
ϕ =
∫ ∞
−∞
dω
∑
αN
BαNN ϕ
out
αN
(xN , ω)e
−iωt. (A6)
In the region outside the objects Oi, 1 ≤ i ≤ N − 1 and inside ON , the scalar field is represented as (A2) in a vicinity
of Oj, 1 ≤ j ≤ N . The matrix Ti for the object Oi, 1 ≤ i ≤ N − 1 is defined by (A3). For the object ON , the matrix
T˜N is defined by
aαNN = −T˜αNN bαNN , (A7)
which is obtained by eliminating BαNN from the boundary conditions on ON . The translation formula (A4) still holds
for 1 ≤ i, j ≤ N − 1. Moreover, we have
ϕregαN (xN , ω) =
∑
αi
Vαi,αN (LNi)ϕ
reg
αi
(xi, ω), (A8)
ϕoutαi (xi, ω) =
∑
αN
WαN ,αi(LiN )ϕ
out
αN
(xN , ω), (A9)
for 1 ≤ i ≤ N − 1. These imply that for 1 ≤ i ≤ N − 1,
aαii =
N−1∑
j=1
∑
αj
Uαi,αj (Lji)b
αj
j +
∑
αN
Vαi,αN (LNi)a
αN
N , (A10)
and
bαNN =
N−1∑
i=1
∑
αi
WαN ,αi(LiN )b
αi
i . (A11)
Let
a˜ =

a1
a2
...
aN−1
bN
 , b˜ =

b1
b2
...
bN−1
aN
 ,
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T˜ =

T1 0 . . . 0 0
0 T2 . . . 0 0
...
...
. . .
...
...
0 0 . . . TN−1 0
0 0 . . . 0 T˜N
 , U˜ =

0 U12 . . . U1,N−1 V1N
U21 0 . . . U2,N−1 V2N
...
...
. . .
...
...
UN−1,1 UN−1,2 . . . 0 VN−1,N
WN1 WN2 . . . WN,N−1 0
 .
(A3), (A7), (A10) and (A11) imply that
b˜ = −T˜a˜ = −T˜U˜b˜.
Therefore, the Casimir interaction energy is given by (15), with
M = −T˜U˜.
When N = 2,
det (I−M) = det
(
I −T1V12
−T2W21 I
)
= det (I− T1V12T2W21) ,
which recovers the result of Section II.
Appendix B: Verification of identities
First we verify the identity (61). By definition,
Xl,−m(θk, φk)·Xl′m′(θk, φk) = 1√
l(l+ 1)l′(l′ + 1)
(
mm′
sin2 θk
Yl,−m(θk, φk)Yl′m′(θk, φk) +
∂Yl,−m(θk, φk)
∂θk
∂Yl′m′(θk, φk)
∂θk
)
.
Let
Xl,−m(θk, φk) ·Xl′m′(θk, φk) =
∞∑
l′′=0
l′′∑
m′′=−l′′
Ξl′′,m′′Yl′′m′′(θk, φk). (B1)
Then
Ξl′′m′′ =
1√
l(l+ 1)l′(l′ + 1)
∫ 2pi
0
dφk
∫ pi
0
dθk sin θk
×
(
mm′
sin2 θk
Yl,−m(θk, φk)Yl′m′(θk, φk) +
∂Yl,−m(θk, φk)
∂θk
∂Yl′m′(θk, φk)
∂θk
)
Y ∗l′′m′′(θk, φk).
For the integration with respect to θk, integration by parts gives:∫ pi
0
dθk sin θk
∂Yl,−m(θk, φk)
∂θk
∂Yl′m′(θk, φk)
∂θk
Y ∗l′′m′′(θk, φk)
=− 1
2
∫ pi
0
dθk sin θkYl,−m(θk, φk)
1
sin θk
∂
∂θk
(
sin θk
∂Yl′m′(θk, φk)
∂θk
)
Y ∗l′′m′′(θk, φk)
− 1
2
∫ pi
0
dθk sin θk
1
sin θk
∂
∂θk
(
sin θk
∂Yl,−m(θk, φk)
∂θk
)
Yl′m′(θk, φk)Y
∗
l′′m′′(θk, φk)
− 1
2
∫ pi
0
dθk sin θk
(
Yl,−m(θk, φk)
∂Yl′m′(θk, φk)
∂θk
+
∂Yl,−m(θk, φk)
∂θk
Yl′m′(θk, φk)
)
∂Y ∗l′′m′′
∂θk
=
1
2
∫ pi
0
dθk sin θk
(
l′(l′ + 1)− m
′2
sin2 θk
)
Yl,−m(θk, φk)Yl′m′(θk, φk)Y
∗
l′′m′′(θk, φk)
+
1
2
∫ pi
0
dθk sin θk
(
l(l + 1)− m
2
sin2 θk
)
Yl,−m(θk, φk)Yl′m′(θk, φk)Y
∗
l′′m′′(θk, φk)
− 1
2
∫ pi
0
dθk sin θk
(
l′′(l′′ + 1)− m
′′2
sin2 θk
)
Yl,−m(θk, φk)Yl′m′(θk, φk)Y
∗
l′′m′′(θk, φk).
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Using the fact that ∫ 2pi
0
dφkYl,−m(θk, φk)Yl′m′(θk, φk)Y
∗
l′′m′′(θk, φk)
is nonzero only if m′ = m+m′′, we find that
Ξl′′m′′ =
l(l + 1) + l′(l′ + 1)− l′′(l′′ + 1)
2
√
l(l+ 1)l′(l′ + 1)
∫ 2pi
0
dφk
∫ pi
0
dθk sin θkYl,−m(θk, φk)Yl′m′(θk, φk)Y
∗
l′′m′′(θk, φk)
=
l′′(l′′ + 1)− l(l + 1)− l′(l′ + 1)
2
√
l(l+ 1)l′(l′ + 1)
(−1)m′′+1
√
(2l + 1)(2l′ + 1)(2l′′ + 1)
4π
(
l l′ l′′
m −m′ m′′
)(
l l′ l′′
0 0 0
)
.
This proves (61).
Next, we verify (62). Since
Xl,−m(θk, φk) ·
(
ik
k
×Xl′m′(θk, φk)
)
=
1√
l(l + 1)l′(l′ + 1)
(
m
sin θk
Yl,−m(θk, φk)
∂Yl′m′(θk, φk)
∂θk
+
m′
sin θk
Yl′m′(θk, φk)
∂Yl,−m(θk, φk)
∂θk
)
=
ik2√
l(l + 1)l′(l′ + 1)
(
∇Yl′m′(θk, φk)×∇Yl,−m(θk, φk)
)
· ek
=
ik2√
l(l + 1)l′(l′ + 1)
[
∇×
(
Yl′m′(θk, φk)∇Yl,−m(θk, φk)
)]
· ek,
we find that ∫ 2pi
0
dφk
∫ pi
0
dθk sin θkXl,−m(θk, φk) ·
(
ik
k
×Xl′m′(θk, φk)
)
eik·L
=−
∫ 2pi
0
dφk
∫ pi
0
dθk sin θk
(
iL× ik
2√
l(l+ 1)l′(l′ + 1)
(
Yl′m′(θk, φk)∇Yl,−m(θk, φk)
))
· ekeik·L
=
k√
l(l + 1)l′(l′ + 1)
L ·
∫ 2pi
0
dφk
∫ pi
0
dθk sin θkYl′m′(θk, φk)
(
−kek ×∇Yl,−m(θk, φk)
)
eik·L.
(B2)
Using the fact that
− kek ×∇Yl,−m(θk, φk) =
√
l(l + 1)Xl,−m(θk, φk)
=
ex
2i
[√
(l +m)(l −m+ 1)Yl,−m+1(θk, φk) +
√
(l −m)(l +m+ 1)Yl,−m−1(θk, φk)
]
− ey
2
[√
(l +m)(l −m+ 1)Yl,−m+1(θk, φk)−
√
(l −m)(l +m+ 1)Yl,−m−1(θk, φk)
]
+ iezmYl,−m(θk, φk),
if L = Lez, we find that (B2) is equal to
imkL√
l(l + 1)l′(l′ + 1)
∫ 2pi
0
dφk
∫ pi
0
dθk sin θkYl′m′(θk, φk)Yl,−m(θk, φk)e
ik·L.
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